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Abstract—When noisy intermediate scalable quantum (NISQ) devices are applied in information processing, all of the stages through
preparation, manipulation, and measurement of multipartite qubit states contain various types of noise that are generally hard to be
verified in practice. In this work, we present a scheme to deal with unknown quantum noise and show that it can be used to mitigate
errors in measurement readout with NISQ devices. Quantum detector tomography that identifies a type of noise in a measurement can
be circumvented. The scheme applies single-qubit operations only, that are with relatively higher precision than measurement readout
or two-qubit gates. A classical post-processing is then performed with measurement outcomes. The scheme is implemented in
quantum algorithms with NISQ devices: the Bernstein-Vazirani algorithm and a quantum amplitude estimation algorithm in
IBMQ yorktown and IBMQ essex. The enhancement in the statistics of the measurement outcomes is presented for both of the
algorithms with NISQ devices.
Index Terms—NISQ Information Processing, Error Mitigation in NISQ devices, Quantum Computer Architecture
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1 INTRODUCTION
2 INTRODUCTION
The state of the art quantum technologies can be rep-
resented by noisy intermediate scalable quantum (NISQ)
devices, by which multiple qubits can be prepared, con-
nected, controlled, extended, and also networked but, all
of them are essentially contain noise. Quantum algorithms
having advantages over their classical counterparts, such
as quantum period-finding [1], [2], quantum search [3],
quantum factoring [1], and quantum oracle algorithms [4],
[5], [6], etc., can be realized by the building blocks, quan-
tum Fourier transform (QFT) [7] and quantum amplitude
amplification (QAA) [3], [8]. To this end, it is crucial to
apply coherent quantum operations on multiple qubits as
the building blocks are constructed by entangling gates
on multiple qubits sequentially. When the algorithms are
realized with NISQ devices, noise that essentially appears in
all of the stages from preparation to measurement readout
are not controlled and thus accumulated. Consequently, no
quantum advantage may be achieved.
Then, one of the key problems is to find how useful
the NISQ devices are, possibly, for practical purposes [9].
Namely, it is sought to have quantum advantages beyond
the limitations of today’s technologies even though the
devices do not ideally work as expected as true quantum
devices, e.g., [10], [11]. Recently, quantum algorithms that
are better fitted with NISQ devices have been devised. For
instance, variational quantum eigensolvers [12] and quan-
tum approximate optimization algorithms [13] have been
proposed, which are designed in such a way that errors
during quantum gates are not accumulated. Note that with
NISQ devices, quantum error correction which preserves the
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purity of quantum states through all the process is lacking
[14].
In the other way around, there have been attempts to
scrutinize NISQ devices applied to performing quantum
algorithms. For instance, in the case of IBM Q devices it
is found that single-qubit gates are with relatively high
precisions with an error rate about 0.1% while two-qubit
gates and measurement readout are comparable with errors
about 2-10% [15] [16]. The possibility of crosstalk in multiple
detectors in measurement readout has been pointed out [17].
While observing the numbers, one can naturally suggest
that single-qubit gates may be used mitigate errors in NISQ
devices as their performance is significantly finer than the
others. Along the line, there has been extensive effort to
develop methods of error mitigation in NISQ information
processing, see e.g., [18], [19], [20], [21], [22].
In this work, we present a quantum-classical hybrid
method of mitigating errors in measurement readout. The
method consists of quantum pre-processing with single-
qubit gates only, which are applied right before a detection
event, and classical post-processing, which is performed
with measurement outcomes. The quantum pre-processing
corresponds to the channel-twirl with few single-qubit gates
by which the type of errors that are dealt in the classical
post-processing can be fixed as those originated from a
depolarization map. The scheme of measurement error mit-
igation is applied to the Bernstein-Vazirani (BV) algorithm
based on oracle queries, and the quantum amplitude esti-
mation (QAE) algorithm that contains both QFT and QAA.
It is shown that the statistics of measurement outcomes in
the algorithms can be enhanced by the proposed scheme.
With IBM Q devices that realize 3-qubit BV and QAE
algorithms, it is also shown that measurement readout can
be improved. The proposed scheme may be useful in the
microarchitecture of NISQ information processing.
The paper is structured as follows. In Sec. 3, we explore
a model of measurement readout and devise the method
ar
X
iv
:2
00
3.
12
31
4v
2 
 [q
ua
nt-
ph
]  
23
 Ju
l 2
02
0
2of mitigating measurement errors. The assumptions under
which the method is effective are addressed. In Sec. 4, the
scheme is applied to the BV and QAE algorithms. It is
demonstrated with a Qiskit simulator that the statistics of
measurement outcomes can be enhanced by the proposed
scheme. In Sec. 5, the scheme is patched on measurement
readout in IBM quantum devices, IBM yorktown for the
QAE algorithm and IBM essex for the BV algorithm. The
results that show enhancement in the statistics of mea-
surement outcomes is shown. In Sec. 6, we discuss future
directions and conclude the results.
3 PROPOSAL
Let us begin with the notations and terminologies to be
used throughout. Quantum states are generally described
by unit-trace and non-negative operators, denoted by ρ, on
a Hilbert space H. The set of quantum states is denoted by
S(H) = {ρ ∈ B(H) : ρ ≥ 0, tr[ρ] = 1}
where B(H) denotes a set of bound linear operators. Qubit
states are characterized in a two-dimensional Hilbert space,
H2 = span{|0〉, |1〉}. Note that in a quantum algorithm
an initial state is prepared in |0〉⊗n. A measurement is
performed in the computational basis,
M0 = |0〉〈0|, M1 = |1〉〈1| (1)
which is a complete measurement, i.e., M0 + M1 = I. The
postulate of quantum theory states that when a system is
prepared in a state ρy, a measurement outcome x is obtained
with with a probability P[x|y] = tr[Mxρy]. Note that a gen-
eral measurement is described by positive-operator-valued-
measures (POVMs), {Mi ≥ 0} such that
∑
iMi = I.
A quantum dynamics corresponds to a unitary transfor-
mation of quantum states, ρ 7→ UρU† where U†U = UU† =
I. The operator basis for qubit states is given by the set of
Pauli matrices,
I, X =
[
0 1
1 0
]
, Y =
[
0 −i
i 0
]
, and Z =
[
1 0
0 −1
]
.
Quantum gates that process dynamics of qubit states are
described by unitary transformations. A single-qubit ro-
tation in a Bloch sphere can be described by a unitary
transformation in the following,
Unˆ(θ) = exp[−iθ~n · ~σ/2] =
∞∑
k=0
(−iθ)k
k!
(~n · ~σ/2)k
where σ = (X,Y, Z), meaning a counterclockwise rotation
by the angle θ about the axis nˆ. For instance,
Ry(θ) =
[
cos(θ/2) − sin(θ/2)
sin(θ/2) cos(θ/2)
]
(2)
shows a counterclockwise rotation on the x-z plane by θ
about the y-axis.
For two-qubit states, a controlled-U gate denoted by
C(U) with a single-qubit gate U is written as
C(U) = |0〉c〈0| ⊗ It + |1〉c〈1| ⊗ Ut
where c denotes a control qubit and t target qubit. The
controlled-NOT (CNOT) gate can be written as, UCNOT =
C(X) with the Pauli matrix X . Then, a quantum algorithm
can be efficiently composed by a sequence of single- and
two-qubit gates only in general [23].
Quantum circuits that realize quantum algorithms con-
tain both system and ancilla qubits. While the overall dy-
namics of both system and ancilla qubits is described by
a unitary transformation, the reduced dynamics to system
ones can be characterized by a positive, completely posi-
tive, and trace-preserving map, called a quantum channel,
Λ : ρ 7→ Λ[ρ], i.e. idk ⊗ Λ ≥ 0 for all k ≥ 1 with idk
an identity map over a k-dimensional Hilbert space and
tr[A] = tr[Λ[A]] for all A ∈ B(H).
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⇢
<latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8N AEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNK OZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1J i+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8 ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8N AEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNK OZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1J i+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8 ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8N AEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNK OZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1J i+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8 ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8N AEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNK OZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1J i+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8 ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit>
⇤U [⇢]
<latexit sha1_base64="wxh4Imo+jA2aG97r4KTrAF3TvJo=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5KIoMeiFw8eKpi2kISw2WzbpZtN2N0USug/8eJBEa/+E2/+G7dtDlodWBhm5vHeTpxzprTjfFm1tfWNza36dmNnd2 //wD486qqskIR6JOOZ7MdYUc4E9TTTnPZzSXEac9qLx7dzvzehUrFMPOppTsMUDwUbMIK1kSLbDu5NOMGRh/xAjrIwsptOy1kA/SVuRZpQoRPZn0GSkSKlQhOOlfJdJ9dhiaVmhNNZIygUzTEZ4yH1DRU4pSosF5fP0JlREjTIpHlCo4X6c6LEqVLTNDbJFOuRWvXm4n+eX+jBdVgykReaCrJcNCg40hma14ASJinRfGoIJpKZWxEZYYmJNmU1TAnu6pf/ku5Fy3Va7sNls31T1VGHEziFc3DhCtpwBx3wgMAEnuAFXq3SerberPdltGZVM8fwC9bHN8orkxk=</latexit ><latexit sha1_base64="wxh4Imo+jA2aG97r4KTrAF3TvJo=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5KIoMeiFw8eKpi2kISw2WzbpZtN2N0USug/8eJBEa/+E2/+G7dtDlodWBhm5vHeTpxzprTjfFm1tfWNza36dmNnd2 //wD486qqskIR6JOOZ7MdYUc4E9TTTnPZzSXEac9qLx7dzvzehUrFMPOppTsMUDwUbMIK1kSLbDu5NOMGRh/xAjrIwsptOy1kA/SVuRZpQoRPZn0GSkSKlQhOOlfJdJ9dhiaVmhNNZIygUzTEZ4yH1DRU4pSosF5fP0JlREjTIpHlCo4X6c6LEqVLTNDbJFOuRWvXm4n+eX+jBdVgykReaCrJcNCg40hma14ASJinRfGoIJpKZWxEZYYmJNmU1TAnu6pf/ku5Fy3Va7sNls31T1VGHEziFc3DhCtpwBx3wgMAEnuAFXq3SerberPdltGZVM8fwC9bHN8orkxk=</latexit ><latexit sha1_base64="wxh4Imo+jA2aG97r4KTrAF3TvJo=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5KIoMeiFw8eKpi2kISw2WzbpZtN2N0USug/8eJBEa/+E2/+G7dtDlodWBhm5vHeTpxzprTjfFm1tfWNza36dmNnd2 //wD486qqskIR6JOOZ7MdYUc4E9TTTnPZzSXEac9qLx7dzvzehUrFMPOppTsMUDwUbMIK1kSLbDu5NOMGRh/xAjrIwsptOy1kA/SVuRZpQoRPZn0GSkSKlQhOOlfJdJ9dhiaVmhNNZIygUzTEZ4yH1DRU4pSosF5fP0JlREjTIpHlCo4X6c6LEqVLTNDbJFOuRWvXm4n+eX+jBdVgykReaCrJcNCg40hma14ASJinRfGoIJpKZWxEZYYmJNmU1TAnu6pf/ku5Fy3Va7sNls31T1VGHEziFc3DhCtpwBx3wgMAEnuAFXq3SerberPdltGZVM8fwC9bHN8orkxk=</latexit ><latexit sha1_base64="wxh4Imo+jA2aG97r4KTrAF3TvJo=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5KIoMeiFw8eKpi2kISw2WzbpZtN2N0USug/8eJBEa/+E2/+G7dtDlodWBhm5vHeTpxzprTjfFm1tfWNza36dmNnd2 //wD486qqskIR6JOOZ7MdYUc4E9TTTnPZzSXEac9qLx7dzvzehUrFMPOppTsMUDwUbMIK1kSLbDu5NOMGRh/xAjrIwsptOy1kA/SVuRZpQoRPZn0GSkSKlQhOOlfJdJ9dhiaVmhNNZIygUzTEZ4yH1DRU4pSosF5fP0JlREjTIpHlCo4X6c6LEqVLTNDbJFOuRWvXm4n+eX+jBdVgykReaCrJcNCg40hma14ASJinRfGoIJpKZWxEZYYmJNmU1TAnu6pf/ku5Fy3Va7sNls31T1VGHEziFc3DhCtpwBx3wgMAEnuAFXq3SerberPdltGZVM8fwC9bHN8orkxk=</latexit >
(1)
<latexit sha1_base64="fdWXOzCVU4YJ4YVo6lrxJEpHaKs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrL Zbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHqreeb9ccWvuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM 65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AE/u40a</latexit><latexit sha1_base64="fdWXOzCVU4YJ4YVo6lrxJEpHaKs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrL Zbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHqreeb9ccWvuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM 65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AE/u40a</latexit><latexit sha1_base64="fdWXOzCVU4YJ4YVo6lrxJEpHaKs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrL Zbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHqreeb9ccWvuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM 65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AE/u40a</latexit><latexit sha1_base64="fdWXOzCVU4YJ4YVo6lrxJEpHaKs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrL Zbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHqreeb9ccWvuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM 65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AE/u40a</latexit>
(2)
<latexit sha1_base64="VrTfsjcIcC3U5+dJ05KXKJCziQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvXisaGuhDWW znbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7qv183654tbcOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ 0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w9BQI0b</latexit><latexit sha1_base64="VrTfsjcIcC3U5+dJ05KXKJCziQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvXisaGuhDWW znbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7qv183654tbcOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ 0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w9BQI0b</latexit><latexit sha1_base64="VrTfsjcIcC3U5+dJ05KXKJCziQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvXisaGuhDWW znbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7qv183654tbcOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ 0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w9BQI0b</latexit><latexit sha1_base64="VrTfsjcIcC3U5+dJ05KXKJCziQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvXisaGuhDWW znbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7qv183654tbcOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ 0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w9BQI0b</latexit>
(3)
<latexit sha1_base64="oZ/S57UYVTOyaoDyJuIucc4BUKc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lU0GPRi8eK9gPaUDb bSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0ULk465XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQ H2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r3pu1bu/LNdu8jgKcAwnUAEPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNCxY0c</latexit><latexit sha1_base64="oZ/S57UYVTOyaoDyJuIucc4BUKc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lU0GPRi8eK9gPaUDb bSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0ULk465XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQ H2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r3pu1bu/LNdu8jgKcAwnUAEPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNCxY0c</latexit><latexit sha1_base64="oZ/S57UYVTOyaoDyJuIucc4BUKc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lU0GPRi8eK9gPaUDb bSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0ULk465XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQ H2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r3pu1bu/LNdu8jgKcAwnUAEPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNCxY0c</latexit><latexit sha1_base64="oZ/S57UYVTOyaoDyJuIucc4BUKc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lU0GPRi8eK9gPaUDb bSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0ULk465XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQ H2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r3pu1bu/LNdu8jgKcAwnUAEPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNCxY0c</latexit>
(4)
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Fig. 1. Quantum circuits that prepare a channel ΛU [·] = (1− p)id(·) +
pU(·)U† for U = X,Y, Z are shown. An ancilla qubit is prepared in a
state |0〉 and the operation Ry(θ) is in Eq. (2). Note that the parameters
are related as p = sin2(θ/2). The Hadamard gate is denoted by H. A
channel ΛX is constructed by components (1) and (3), ΛY with (1),
(2), (3), (4), and (5) and ΛZ with (1), (2), (3), and (4). For instance,
ΛZ [ρ] = tranc[(I ⊗ H)UCNOT(Ry(θ) ⊗ H)(|0〉anc〈0| ⊗ ρ)(R†y(θ) ⊗
H)UCNOT(I ⊗ H)]. The circuit is exploited to implement noise in a
measurement, see Figs. 3 and 4.
3.1 Measurement readout
Let Ucircuit denote a unitary transformation designed to ex-
ecute a quantum algorithm. The resulting state right before
a measurement can be written as,
|ϕ〉1···n,A = Ucircuit (|0〉⊗n ⊗ |A〉) (3)
where A collects all of the ancilla qubits. For n system
qubits, a POVM element that gives rise an outcome ~x =
x1 · · · xn can be written as
M~x = Mx1 ⊗ · · · ⊗Mxn , where xk ∈ {0, 1} ∀k = 1, · · · , n,
which takes place with probability tr[M~x|ϕ〉1···n,A〈ϕ|]. The
description of a quantum measurement is consistent to
detection events in a realistic scenario, e.g. quantum experi-
ments.
Then, suppose that errors appear in a measurement or
observed in the statistics of measurement outcomes. It is,
however, not clear how to find the source of errors since a
measurement is from interactions of a state and a detector,
i.e., a POVM element. A state before a detector may contain
noise in advance, or a detector itself is noisy. In what
follows, we present a framework that makes distinction
between two sources of noise, either a state or a detector.
We then find the operational meaning of a measurement in
quantum algorithms as optimal state discrimination. Col-
lecting the results, we propose a scheme of error mitigation.
3Characterizing the sources of noise
When a measurement is performed on the k-th qubit in Eq.
(3), the probability of obtaining a measurement outcome xk
is given as follows,
P[xk|k] = tr[Mxkρ(k)], (4)
where ρ(k) = trk¯|ϕ〉1···n,A〈ϕ| and trk¯ denotes the partial
trace all qubits but the k-th one.
By noise in a detection event, the probability in Eq. (4)
may be corrupted. This is often referred to as noise on a
POVM element, i.e., Mxk 7→ N [Mxk ] for a trace-preserving
and completely positive map N . After all, the probability
is corrupted as, tr[N [Mxk ]ρ(k)], which can be estimated in
an experiment. We, however, note that the same probability
can also be obtained equivalently by noise on a state,
tr[N [Mxk ]ρ(k)] = tr[MxkN †[ρ(k)]] (5)
for a dual map N †. From the statistics of measurement
outcomes, one cannot find which one, the state or a detector,
is noisy.
In the view of observing the statistics of measurement
outcomes only, let us now characterize what types of noise
can make contributions to the errors in measurement read-
out. On the one hand, a resulting qubit after the last gate
in a circuit and then placed right before a measurement
may have experienced unwanted interactions with an en-
vironment, i.e., noise may be contained. This can be de-
scribed by a noisy channel on a qubit state Λ : ρ 7→ Λ[ρ].
Although this type of noise is not related to a detector, it
happens that the source of noise contributes to errors in
measurement readout. For instance, as it is shown in Eq.
(5), one cannot identify which of a state or a detector is
noisy from errors in measurement readout. Moreover, when
a quantum algorithm is structured by state preparation, a
quantum circuit, and measurement readout, noise on a qubit
state between the circuit and a detector contributes to the
errors in measurement readout. Therefore, noise on a qubit
state before a detection event, more precisely between the
last gate of a circuit and a detector, should be taken into
account when one attempts to mitigate errors in measure-
ment readout. On the other hand, a detector per se may not
work as desired, which can also be described by a trace-
preserving and completely positive map N on a POVM
element, Mxk 7→ N [Mxk ].
Overall, the probability of a measurement outcome con-
taining readout errors can be characterized by noise on a
state and a detector both as follows,
P(N ,Λ)[xk|k] = tr[N [Mxk ] Λ[ρ(k)]] (6)
in terms of noise maps on a state Λ and a detector N . The
maps can be generally identified by channel and detector
tomography, which are however not feasible in a NISQ
environment.
The description can be illustrated with a unitary noise as
follows. Suppose that a detector contains the type of noise
that flips a measurement outcome, Mxk 7→ XMxkX with a
Pauli matrix X . Or, a state suffers the same type of noise
ρ(k) 7→ Xρ(k)X while a detector remains noiseless as Mxk .
The probabilities are given as follows, respectively,
tr[MxkXρ
(k)X], tr[XMxkXρ
(k)]. (7)
Finally, both a state and a detector suffer noise, ρ(k) 7→√
Xρ(k)
√
X and Mxk 7→
√
XMxk
√
X , in which a detection
event appears with a probability in the following
tr[
√
XMxk
√
X
√
Xρ(k)
√
X] (8)
All of the probabilities in Eqs (7) and (8) in the above
are identical. Given the statistics of measurement outcomes
only, it is not possible to analyze the source of noise that
have appeared in a measurement.
Mapping measurement readout to state discrimination
We here provide an operational interpretation of a measure-
ment in a quantum algorithm. It is supposed a complete
measurement is performed, throughout. That is, no addi-
tional POVM element apart from the two-outcome POVM
in Eq. (1) exists in the description of a detection event.
• Assumption 1. A two-outcome measurement on each
of the single qubits in a quantum algorithm is com-
plete.
As an example, let us begin with the Deutsch algorithm
[5]. Recall that the Deutsch problem is to determine if a
function f : {0, 1} → {0, 1} is constant (f(0) = f(1)) or
balanced (f(0) 6= f(1)). Suppose that the a priori probabil-
ities are given by 1/2 for each. The Deutsch algorithm is
constructed such that an input state |0〉|A〉 is transformed to
a resulting state |f(0)+f(1)〉|A〉 by a single use of the quan-
tum realization of the function Uf : |x〉|y〉 7→ |x〉|y ⊕ f(x)〉.
1) Preparation
|0〉|1〉A, where A denotes an ancilla qubit
2) Unitary transformations :
i) H ⊗H : |0〉|1〉A 7→ ( |0〉+|1〉√2 )⊗ (
|0〉−|1〉√
2
)A
ii) Uf :
( |0〉+|1〉√
2
)⊗ ( |0〉−|1〉√
2
)A
7→ 1√
2
(|0〉+ (−1)f(0)+f(1)|1〉)⊗ ( |0〉−|1〉√
2
)A
iii) H ⊗ I :
1√
2
(|0〉+ (−1)f(0)+f(1)|1〉)⊗ ( |0〉−|1〉√
2
)A
7→ |f(0)⊕ f(1)〉 ⊗ ( |0〉−|1〉√
2
)A
3) Measurement : |f(0)⊕ f(1)〉〉 7→ f(0)⊕ f(1).
Let UDeutsch denote the overall circuit of the Deutsch al-
gorithm, where calls Uf only once. One can find that the
dynamics works as the transformation in the following,
UDeutsch : |0〉|A〉 7→ |f(0) + f(1)〉|A〉
where f(0) + f(1) is either 0 or 1. A measurement in the
computational basis is designed for the optimal detection
of the solution bits, which is achieved by optimal quantum
state discrimination [24], [25], [26], [27], [28], [29], [30], [31],
[32], [34]. Note that the illustration can be straightforwardly
extended to the Deutsch-Jozsa algorithm [33].
A measurement in a quantum algorithm, i.e., individual
measurement in the computation basis on single qubits,
4can be interpreted as an optimal detection of a desired
outcome that give rise to a solution in an algorithm. This
is achieved by optimal discrimination of qubit states in each
register, for the resulting states after a quantum circuit, see
also the example of the Deutsch algorithm in the above.
In other words, a quantum algorithm should be designed
such that individual measurements on single qubits in the
computational basis fulfills the task.
This can be formalized as follows. From Eq. (3), the k-th
qubit state ρ(k)y = trk¯|ϕy〉1,··· ,n,A〈ϕy|. Note that the label
{y} has been written to indicate a set of possible states
according to a designed quantum algorithm. Note also that
the a priori probabilities denoted by {qy} for those states
{ρ(k)y } are provided by a designed quantum algorithm. This
defines the problem of optimal state discrimination in the
ensemble {qy, ρ(k)y }. Then, a measurement in the computa-
tional basis performs optimal discrimination. Note that it is
a two-outcome measurement.
Ui
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<latexit sha1_base64="6vRE4tqoziZzQp4GY3KxQX3ay8M= ">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGCrosunFZwT6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05Y cKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wepf7vSeqNIvlo5klNBB4LFnECDZW8n2 BzUSJrM4u58NqzW24C6B14hWkBgXaw+qXP4pJKqg0hGOtB56bmCDDyjDC6bzip5ommEzxmA4slVhQHWSLzHN0YZURimJlnzRoof 7eyLDQeiZCO5ln1KteLv7nDVIT3QQZk0lqqCTLQ1HKkYlRXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ92rhuc2vIdmrXVb1 FGGMziHOnhwDS24hzZ0gEACz/AKb07qvDjvzsdytOQUO6fwB87nD9YqkYk=</latexit><latexit sha1_base64="6vRE4tqoziZzQp4GY3KxQX3ay8M= ">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGCrosunFZwT6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05Y cKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wepf7vSeqNIvlo5klNBB4LFnECDZW8n2 BzUSJrM4u58NqzW24C6B14hWkBgXaw+qXP4pJKqg0hGOtB56bmCDDyjDC6bzip5ommEzxmA4slVhQHWSLzHN0YZURimJlnzRoof 7eyLDQeiZCO5ln1KteLv7nDVIT3QQZk0lqqCTLQ1HKkYlRXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ92rhuc2vIdmrXVb1 FGGMziHOnhwDS24hzZ0gEACz/AKb07qvDjvzsdytOQUO6fwB87nD9YqkYk=</latexit><latexit sha1_base64="6vRE4tqoziZzQp4GY3KxQX3ay8M= ">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGCrosunFZwT6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05Y cKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wepf7vSeqNIvlo5klNBB4LFnECDZW8n2 BzUSJrM4u58NqzW24C6B14hWkBgXaw+qXP4pJKqg0hGOtB56bmCDDyjDC6bzip5ommEzxmA4slVhQHWSLzHN0YZURimJlnzRoof 7eyLDQeiZCO5ln1KteLv7nDVIT3QQZk0lqqCTLQ1HKkYlRXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ92rhuc2vIdmrXVb1 FGGMziHOnhwDS24hzZ0gEACz/AKb07qvDjvzsdytOQUO6fwB87nD9YqkYk=</latexit><latexit sha1_base64="6vRE4tqoziZzQp4GY3KxQX3ay8M= ">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGCrosunFZwT6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05Y cKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wepf7vSeqNIvlo5klNBB4LFnECDZW8n2 BzUSJrM4u58NqzW24C6B14hWkBgXaw+qXP4pJKqg0hGOtB56bmCDDyjDC6bzip5ommEzxmA4slVhQHWSLzHN0YZURimJlnzRoof 7eyLDQeiZCO5ln1KteLv7nDVIT3QQZk0lqqCTLQ1HKkYlRXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ92rhuc2vIdmrXVb1 FGGMziHOnhwDS24hzZ0gEACz/AKb07qvDjvzsdytOQUO6fwB87nD9YqkYk=</latexit>
(ii)
<latexit sha1_base64="XzVY2fQbo6kV0ThL/QJNrnDoodo= ">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisYB/QDiWTZtrQJDNNMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05Q cyZNq777RQ2Nre2d4q7pb39g8Oj8vFJS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJ/57SlVmkXyycxi6gs8lCxkBBsr+T2 BzUiJtMrY5bxfrrg1dwG0TrycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDov9RJNY0zGeEi7lkosqPbTReg5urDKAIWRsk8atF B/b6RYaD0TgZ3MQupVLxP/87qJCW/9lMk4MVSS5aEw4chEKGsADZiixPCZJZgoZrMiMsIKE2N7KtkSvNUvr5PWVc1za97jdaV+l 9dRhDM4hyp4cAN1eIAGNIHABJ7hFd6cqfPivDsfy9GCk++cwh84nz+fGpH8</latexit><latexit sha1_base64="XzVY2fQbo6kV0ThL/QJNrnDoodo= ">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisYB/QDiWTZtrQJDNNMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05Q cyZNq777RQ2Nre2d4q7pb39g8Oj8vFJS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJ/57SlVmkXyycxi6gs8lCxkBBsr+T2 BzUiJtMrY5bxfrrg1dwG0TrycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDov9RJNY0zGeEi7lkosqPbTReg5urDKAIWRsk8atF B/b6RYaD0TgZ3MQupVLxP/87qJCW/9lMk4MVSS5aEw4chEKGsADZiixPCZJZgoZrMiMsIKE2N7KtkSvNUvr5PWVc1za97jdaV+l 9dRhDM4hyp4cAN1eIAGNIHABJ7hFd6cqfPivDsfy9GCk++cwh84nz+fGpH8</latexit><latexit sha1_base64="XzVY2fQbo6kV0ThL/QJNrnDoodo= ">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisYB/QDiWTZtrQJDNNMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05Q cyZNq777RQ2Nre2d4q7pb39g8Oj8vFJS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJ/57SlVmkXyycxi6gs8lCxkBBsr+T2 BzUiJtMrY5bxfrrg1dwG0TrycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDov9RJNY0zGeEi7lkosqPbTReg5urDKAIWRsk8atF B/b6RYaD0TgZ3MQupVLxP/87qJCW/9lMk4MVSS5aEw4chEKGsADZiixPCZJZgoZrMiMsIKE2N7KtkSvNUvr5PWVc1za97jdaV+l 9dRhDM4hyp4cAN1eIAGNIHABJ7hFd6cqfPivDsfy9GCk++cwh84nz+fGpH8</latexit><latexit sha1_base64="XzVY2fQbo6kV0ThL/QJNrnDoodo= ">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0W3bisYB/QDiWTZtrQJDNNMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05Q cyZNq777RQ2Nre2d4q7pb39g8Oj8vFJS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJ/57SlVmkXyycxi6gs8lCxkBBsr+T2 BzUiJtMrY5bxfrrg1dwG0TrycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDov9RJNY0zGeEi7lkosqPbTReg5urDKAIWRsk8atF B/b6RYaD0TgZ3MQupVLxP/87qJCW/9lMk4MVSS5aEw4chEKGsADZiixPCZJZgoZrMiMsIKE2N7KtkSvNUvr5PWVc1za97jdaV+l 9dRhDM4hyp4cAN1eIAGNIHABJ7hFd6cqfPivDsfy9GCk++cwh84nz+fGpH8</latexit>
(iii)
<latexit sha1_base64="dfhnu95o98pa5Iro/zciu4HWa/U=" >AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGCrosunFZwT6gHUsmzbShSWZIMkoZ+h9uXCji1n9x59+YaWehrQcCh3Pu5Z6cIOZM G9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn8ziNVmkXy3kxj6gs8kixkBBsrPfQFNmMl0 ipj7Hw2KFfcmjsHWiVeTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT76Tz1DJ1ZZYjCSNknDZqrvzdSLL SeisBOZin1speJ/3m9xIRXfspknBgqyeJQmHBkIpRVgIZMUWL41BJMFLNZERljhYmxRZVsCd7yl1dJ+6LmuTXvrl5pXOd1FOEETqE KHlxCA26hCS0goOAZXuHNeXJenHfnYzFacPKdY/gD5/MHaHWSbw==</latexit><latexit sha1_base64="dfhnu95o98pa5Iro/zciu4HWa/U=" >AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGCrosunFZwT6gHUsmzbShSWZIMkoZ+h9uXCji1n9x59+YaWehrQcCh3Pu5Z6cIOZM G9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn8ziNVmkXy3kxj6gs8kixkBBsrPfQFNmMl0 ipj7Hw2KFfcmjsHWiVeTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT76Tz1DJ1ZZYjCSNknDZqrvzdSLL SeisBOZin1speJ/3m9xIRXfspknBgqyeJQmHBkIpRVgIZMUWL41BJMFLNZERljhYmxRZVsCd7yl1dJ+6LmuTXvrl5pXOd1FOEETqE KHlxCA26hCS0goOAZXuHNeXJenHfnYzFacPKdY/gD5/MHaHWSbw==</latexit><latexit sha1_base64="dfhnu95o98pa5Iro/zciu4HWa/U=" >AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGCrosunFZwT6gHUsmzbShSWZIMkoZ+h9uXCji1n9x59+YaWehrQcCh3Pu5Z6cIOZM G9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn8ziNVmkXy3kxj6gs8kixkBBsrPfQFNmMl0 ipj7Hw2KFfcmjsHWiVeTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT76Tz1DJ1ZZYjCSNknDZqrvzdSLL SeisBOZin1speJ/3m9xIRXfspknBgqyeJQmHBkIpRVgIZMUWL41BJMFLNZERljhYmxRZVsCd7yl1dJ+6LmuTXvrl5pXOd1FOEETqE KHlxCA26hCS0goOAZXuHNeXJenHfnYzFacPKdY/gD5/MHaHWSbw==</latexit><latexit sha1_base64="dfhnu95o98pa5Iro/zciu4HWa/U=" >AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGCrosunFZwT6gHUsmzbShSWZIMkoZ+h9uXCji1n9x59+YaWehrQcCh3Pu5Z6cIOZM G9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn8ziNVmkXy3kxj6gs8kixkBBsrPfQFNmMl0 ipj7Hw2KFfcmjsHWiVeTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT76Tz1DJ1ZZYjCSNknDZqrvzdSLL SeisBOZin1speJ/3m9xIRXfspknBgqyeJQmHBkIpRVgIZMUWL41BJMFLNZERljhYmxRZVsCd7yl1dJ+6LmuTXvrl5pXOd1FOEETqE KHlxCA26hCS0goOAZXuHNeXJenHfnYzFacPKdY/gD5/MHaHWSbw==</latexit>
⇢(k)y
<latexit sh a1_base64="Y/ux5xorBxm 936uBXVWQKWHOoDM=">AA ACAHicbVDLSsNAFJ3UV62v qAsXboJFqJuSiKDLohuXF ewDmhgm02k7dB5hZiKEkI2 /4saFIm79DHf+jZM2C209 cOFwzr3ce08UU6K0635blZ XVtfWN6mZta3tnd8/eP+g qkUiEO0hQIfsRVJgSjjuaa Ir7scSQRRT3oulN4fcesV RE8HudxjhgcMzJiCCojRTa R76ciDDzGdQTybI0zx+yx vQsD+2623RncJaJV5I6KNE O7S9/KFDCMNeIQqUGnhvr IINSE0RxXvMThWOIpnCMB4 ZyyLAKstkDuXNqlKEzEtI U185M/T2RQaZUyiLTWRyqF r1C/M8bJHp0FWSEx4nGHM 0XjRLqaOEUaThDIjHSNDUE IknMrQ6aQAmRNpnVTAje4 svLpHve9Nymd3dRb12XcVT BMTgBDeCBS9ACt6ANOgCB HDyDV/BmPVkv1rv1MW+tWO XMIfgD6/MHfIyW9Q==</l atexit><latexit sh a1_base64="Y/ux5xorBxm 936uBXVWQKWHOoDM=">AA ACAHicbVDLSsNAFJ3UV62v qAsXboJFqJuSiKDLohuXF ewDmhgm02k7dB5hZiKEkI2 /4saFIm79DHf+jZM2C209 cOFwzr3ce08UU6K0635blZ XVtfWN6mZta3tnd8/eP+g qkUiEO0hQIfsRVJgSjjuaa Ir7scSQRRT3oulN4fcesV RE8HudxjhgcMzJiCCojRTa R76ciDDzGdQTybI0zx+yx vQsD+2623RncJaJV5I6KNE O7S9/KFDCMNeIQqUGnhvr IINSE0RxXvMThWOIpnCMB4 ZyyLAKstkDuXNqlKEzEtI U185M/T2RQaZUyiLTWRyqF r1C/M8bJHp0FWSEx4nGHM 0XjRLqaOEUaThDIjHSNDUE IknMrQ6aQAmRNpnVTAje4 svLpHve9Nymd3dRb12XcVT BMTgBDeCBS9ACt6ANOgCB HDyDV/BmPVkv1rv1MW+tWO XMIfgD6/MHfIyW9Q==</l atexit><latexit sh a1_base64="Y/ux5xorBxm 936uBXVWQKWHOoDM=">AA ACAHicbVDLSsNAFJ3UV62v qAsXboJFqJuSiKDLohuXF ewDmhgm02k7dB5hZiKEkI2 /4saFIm79DHf+jZM2C209 cOFwzr3ce08UU6K0635blZ XVtfWN6mZta3tnd8/eP+g qkUiEO0hQIfsRVJgSjjuaa Ir7scSQRRT3oulN4fcesV RE8HudxjhgcMzJiCCojRTa R76ciDDzGdQTybI0zx+yx vQsD+2623RncJaJV5I6KNE O7S9/KFDCMNeIQqUGnhvr IINSE0RxXvMThWOIpnCMB4 ZyyLAKstkDuXNqlKEzEtI U185M/T2RQaZUyiLTWRyqF r1C/M8bJHp0FWSEx4nGHM 0XjRLqaOEUaThDIjHSNDUE IknMrQ6aQAmRNpnVTAje4 svLpHve9Nymd3dRb12XcVT BMTgBDeCBS9ACt6ANOgCB HDyDV/BmPVkv1rv1MW+tWO XMIfgD6/MHfIyW9Q==</l atexit><latexit sh a1_base64="Y/ux5xorBxm 936uBXVWQKWHOoDM=">AA ACAHicbVDLSsNAFJ3UV62v qAsXboJFqJuSiKDLohuXF ewDmhgm02k7dB5hZiKEkI2 /4saFIm79DHf+jZM2C209 cOFwzr3ce08UU6K0635blZ XVtfWN6mZta3tnd8/eP+g qkUiEO0hQIfsRVJgSjjuaa Ir7scSQRRT3oulN4fcesV RE8HudxjhgcMzJiCCojRTa R76ciDDzGdQTybI0zx+yx vQsD+2623RncJaJV5I6KNE O7S9/KFDCMNeIQqUGnhvr IINSE0RxXvMThWOIpnCMB4 ZyyLAKstkDuXNqlKEzEtI U185M/T2RQaZUyiLTWRyqF r1C/M8bJHp0FWSEx4nGHM 0XjRLqaOEUaThDIjHSNDUE IknMrQ6aQAmRNpnVTAje4 svLpHve9Nymd3dRb12XcVT BMTgBDeCBS9ACt6ANOgCB HDyDV/BmPVkv1rv1MW+tWO XMIfgD6/MHfIyW9Q==</l atexit>
⇤
<latexit sha1_base64="q QO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNA FL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMx OhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfju ltfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLc CNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+v Y2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8X NUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5 +nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQ UxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2Luu fWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V 5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="q QO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNA FL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMx OhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfju ltfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLc CNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+v Y2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8X NUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5 +nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQ UxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2Luu fWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V 5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="q QO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNA FL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMx OhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfju ltfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLc CNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+v Y2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8X NUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5 +nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQ UxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2Luu fWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V 5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="q QO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNA FL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMx OhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfju ltfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLc CNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+v Y2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8X NUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5 +nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQ UxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2Luu fWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V 5dz4W0ZJTzBzDHzifPwulj10=</latexit>
P(id,id)[xk|k]
<latexit sha1_base64="LOCASPjrZ3bVAT2xtm21e79G6nQ=">AAA CGHicbZDLSsNAFIYnXmu9RV26GSxCBamJCLosunFZwV4gDWEymbRDJhdmJmKJeQw3voobF4q47c63cdJGqK0/DHz85xzmnN9NGBXSML61peWV 1bX1ykZ1c2t7Z1ff2++IOOWYtHHMYt5zkSCMRqQtqWSkl3CCQpeRrhvcFPXuA+GCxtG9HCXEDtEgoj7FSCrL0c/6IZJDHmYtJ6v/MvXy0xmG Jzm0Hp3gKbBzR68ZDWMiuAhmCTVQquXo474X4zQkkcQMCWGZRiLtDHFJMSN5tZ8KkiAcoAGxFEYoJMLOJofl8Fg5HvRjrl4k4cSdnchQKMQod FVnsa6YrxXmfzUrlf6VndEoSSWJ8PQjP2VQxrBICXqUEyzZSAHCnKpdIR4ijrBUWVZVCOb8yYvQOW+YRsO8u6g1r8s4KuAQHIE6MMElaIJb0A JtgMEzeAXv4EN70d60T+1r2rqklTMH4I+08Q/+QaD3</latexit><latexit sha1_base64="LOCASPjrZ3bVAT2xtm21e79G6nQ=">AAA CGHicbZDLSsNAFIYnXmu9RV26GSxCBamJCLosunFZwV4gDWEymbRDJhdmJmKJeQw3voobF4q47c63cdJGqK0/DHz85xzmnN9NGBXSML61peWV 1bX1ykZ1c2t7Z1ff2++IOOWYtHHMYt5zkSCMRqQtqWSkl3CCQpeRrhvcFPXuA+GCxtG9HCXEDtEgoj7FSCrL0c/6IZJDHmYtJ6v/MvXy0xmG Jzm0Hp3gKbBzR68ZDWMiuAhmCTVQquXo474X4zQkkcQMCWGZRiLtDHFJMSN5tZ8KkiAcoAGxFEYoJMLOJofl8Fg5HvRjrl4k4cSdnchQKMQod FVnsa6YrxXmfzUrlf6VndEoSSWJ8PQjP2VQxrBICXqUEyzZSAHCnKpdIR4ijrBUWVZVCOb8yYvQOW+YRsO8u6g1r8s4KuAQHIE6MMElaIJb0A JtgMEzeAXv4EN70d60T+1r2rqklTMH4I+08Q/+QaD3</latexit><latexit sha1_base64="LOCASPjrZ3bVAT2xtm21e79G6nQ=">AAA CGHicbZDLSsNAFIYnXmu9RV26GSxCBamJCLosunFZwV4gDWEymbRDJhdmJmKJeQw3voobF4q47c63cdJGqK0/DHz85xzmnN9NGBXSML61peWV 1bX1ykZ1c2t7Z1ff2++IOOWYtHHMYt5zkSCMRqQtqWSkl3CCQpeRrhvcFPXuA+GCxtG9HCXEDtEgoj7FSCrL0c/6IZJDHmYtJ6v/MvXy0xmG Jzm0Hp3gKbBzR68ZDWMiuAhmCTVQquXo474X4zQkkcQMCWGZRiLtDHFJMSN5tZ8KkiAcoAGxFEYoJMLOJofl8Fg5HvRjrl4k4cSdnchQKMQod FVnsa6YrxXmfzUrlf6VndEoSSWJ8PQjP2VQxrBICXqUEyzZSAHCnKpdIR4ijrBUWVZVCOb8yYvQOW+YRsO8u6g1r8s4KuAQHIE6MMElaIJb0A JtgMEzeAXv4EN70d60T+1r2rqklTMH4I+08Q/+QaD3</latexit><latexit sha1_base64="LOCASPjrZ3bVAT2xtm21e79G6nQ=">AAA CGHicbZDLSsNAFIYnXmu9RV26GSxCBamJCLosunFZwV4gDWEymbRDJhdmJmKJeQw3voobF4q47c63cdJGqK0/DHz85xzmnN9NGBXSML61peWV 1bX1ykZ1c2t7Z1ff2++IOOWYtHHMYt5zkSCMRqQtqWSkl3CCQpeRrhvcFPXuA+GCxtG9HCXEDtEgoj7FSCrL0c/6IZJDHmYtJ6v/MvXy0xmG Jzm0Hp3gKbBzR68ZDWMiuAhmCTVQquXo474X4zQkkcQMCWGZRiLtDHFJMSN5tZ8KkiAcoAGxFEYoJMLOJofl8Fg5HvRjrl4k4cSdnchQKMQod FVnsa6YrxXmfzUrlf6VndEoSSWJ8PQjP2VQxrBICXqUEyzZSAHCnKpdIR4ijrBUWVZVCOb8yYvQOW+YRsO8u6g1r8s4KuAQHIE6MMElaIJb0A JtgMEzeAXv4EN70d60T+1r2rqklTMH4I+08Q/+QaD3</latexit>
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Fig. 2. The scheme for mitigating errors in measurement readout is
proposed. (i) Quantum pre-processing performs twirling a unknown
channel Λ by applying unitaries before a measurement, see Eq. (13).
This aims to transform a unknown channel to a depolarization map. (ii)
Detection events are obtained after depolarizing noise on qubit states.
The statistics is found as P(id,D)[xk|k]. (iii) Since the channel-twirl is
applied, it suffices to deal with depolarization noise only. The inverse
map D−1η denotes the classical post-processing in Eq. (15) that makes
corrections according to the noise rate η.
3.2 Mitigation of noise on quantum detectors
So far, we have described the sources of noise in measure-
ment readout, and also signified that a measurement in the
computational basis performs two-outcome optimal state
discrimination for single-qubit states. Having the charac-
terizations on noise and a measurement, we now proceed
to devising the scheme of error mitigation in measurement
readout.
The strategy is to depolarize noise on states in order
to preserve the optimality of the computational-basis mea-
surement and also, by fixing the type of noise as depolar-
ization, ultimately to perform the classical post-processing
efficiently. To clarify the effectiveness of the strategy, in noise
model in Eq. (6), we assume thatN ≈ id. That is, we restrict
to the case that the measurement errors are mostly due to
noise on a state right before a detector whereas a detector
itself works almost as desired.
• Assumption 2. Errors in measurement readout are
dominated by noise existing in individual qubits
right before a detector that works almost as desired.
In addition, we also assume that the effect of crosstalk in
a measurement of multiple qubits is much smaller than
noise on individual states. That is, measurement errors are
dominated by noise on individual states.
• Assumption 3. The effect of crosstalk in measurement
readout is nigligible.
Or, the effect of crosstalk in multiple detectors is ignored at
the time that we devise the error mitigation scheme, which
might also work later even in the presence of such an effect.
Then, from Assumption 2, let us consider an ensemble
of single-qubit states {qy,Λ[ρ(k)y ]} right before a detector
where the channel Λ is unknown. This means that, due
to the unknown channel, a measurement prepared in the
computational basis does not perform optimal discrimina-
tion. An optimal POVM should be updated according to
the ensemble {qy,Λ[ρ(k)y ]}. However, this is not feasible in
practice, since the update requires channel tomography for
individual qubits and moreover the type of noise may vary
in time in a realistic scenario.
It turns out that a one-parameter depolarization map in
the following,
Dη[ρ] = (1− η)ρ+ ηI/2, (9)
preserves an optimal two-outcome measurement in quan-
tum state discrimination [35], [36]. As soon as a depolariza-
tion map is found as noise on states, a measurement in the
computational basis perform optimal state discrimination.
It has been known that the channel-twirl can transform a
unknown channel Λ to a depolarization map:
Λ 7→
∫
dµ(U)U†Λ[UρU†]U = DηΛ [ρ] (10)
where the average is performed over the Haar measure, the
uniform measure in the space of unitary operators, and ηΛ is
determined by a channel Λ. It is worth to emphasize that the
channel-twirl can be implemented by local operations and
classical communication only, where ancillary systems are
not needed. In practice, a few number of unitary transfor-
mations can be applied in the channel-twirl [35], [37], [38].
The quantum pre-processing is the step to apply a single-
qubit channel-twirl right before a detection event.
The advantages of performing the channel-twirl before a
detection event are twofold. First of all, as it is shown with
Assumption 2, a measurement in the computational basis
remains as an optimal one. It has also been demonstrated
that optimal discrimination can be enhanced by preserving
an optimal measurement [35]. Next, the channel-twirl fixes
the type of noise appearing on states and then consequently
in detection events. It is straightforward to deduce the
relation between probability distributions for measurement
readout of the k-th qubit,
P(id,DηΛ )[xk|k] = (1− ηΛ)P(id,id)[xk|k] +
ηΛ
2
. (11)
The only unknown parameter in the above is ηΛ that can
be determined by a unknown channel Λ. With an estimate
to the parameter, it is possible to correct the statistics of
5measurement outcomes. The classical post-processing then
transforms PD[xk|k] to Pid[xk|k].
Quantum pre-processing for individual qubits
We also make a further assumption on noise on qubit states,
that the noisy channel is well approximated by a Pauli
channel as follows,
Λ0[·] = p0id(·) + pxX(·)X + pyY (·)Y + pzZ(·)Z (12)
with pi ≥ 0 and
∑
i pi = 1 where i = 0, x, y, z. A good
approximation means that we have ‖Λ − Λ0‖cb <  for
sufficiently small  > 0, where ‖ · ‖cb denotes the norm
of complete boundness [39], [40]. The probability of distin-
guishing two channels Λ and Λ0 is sufficiently small.
• Assumption 4. Noise on individual qubits is well
approximated by a Pauli channel.
Then, for Pauli channels for qubit states, the channel-twirl
can be performed by three unitaries as follows,
Λ0 7→ DηΛ [ρ] =
1
3
∑
G∈{U,V,W}
G†Λ0[GρG†]G, (13)
where U = I,
V =
1
2
[
1− i −1− i
1− i 1 + i
]
and W =
1
2
[ −1− i −1− i
1− i −1 + i
]
.
Note that the set of three unitaries is not unique, and more
collections can be found in Ref. [35], [36]. Note also the
relation that ηΛ = (px + py + pz)/4, which is yet unknown
since a noisy channel Λ is not identified. The quantum pre-
processing aims to transform a unknown noisy channel to a
depolarization map.
Quantum pre-processing for multiple qubits
In a quantum algorithm, measurement readout is performed
on multiple qubits. Noise on those qubits right before a
measurement is generally described by an n-qubit map on a
large-size Hilbert space H⊗n. The channel-twirl involves a
number of unitary transformations over n qubits in order
to depolarize an n-qubit map. From Assumption 3 that
specifies no effect of crosstalk in multiple detectors, mea-
surements on individual qubits are independent. If the goal
is to preserve the optimality of the computational-basis mea-
surement, it suffices to depolarize individual qubits only but
not an n-qubit map. This leads to a huge simplification in
the number of unitary transformations in the quantum pre-
processing.
We introduce a collective channel-twirl with three uni-
tary transformation in Eq. (13) for an n-qubit map Λ(n)0 as
follows,
M(n)[ρ1···n] =
1
3
∑
G∈{U,V,W}
(G⊗n)†Λ(n)0 [G
⊗nρ1···n(G⊗n)†]G⊗n, (14)
for a multipartite qubit states ρ1···n ∈ S(H ⊗ · · · ⊗ H).
Although the resulting map M(n) is not a depolarization
map in general, its reduction to a single qubit corresponds
to a depolarization map,
DηΛ [ρk] = trk¯M(n)[ρ1···n].
Thus, it is shown that the collective channel-twirl perform
channel twirling an individual channel. In doing so, a mea-
surement in the computational basis for individual qubits
remains optimal. We summarize that the collective channel-
twirling in Eq. (14) can be used to preserve an optimal
measurement on individual qubits.
Classical post-processing
By fixing the type of noise on qubit states as depolariza-
tion, we recall the relation of probabilities in Eq. (11). For
convenience, for the k-th qubit let P(id,D)[xk|k] = 1/2 + α
with α ∈ [−1/2, 1/2]. The reciprocal relation is obtained as
follows,
P(id,id)[xk|k] = 1
(1− ηΛ)
(
P(id,D)[xk|k]− ηΛ
2
)
=
1
2
+
α
1− ηΛ . (15)
Note that for α < 0 we have P(id,id)[xk|k] < P(id,D)[xk|k]
and for α ≥ 0, P(id,id)[xk|k] ≥ P(id,D)[x|k]. Given an
estimated value ηΛ, it is possible to update the statistics of
measurement outcomes from P(id,D)[xk|k] to P(id,id)[xk|k].
The scheme of classical post-processing has also been pro-
posed with quantum detector tomography [21], up to the
uncertainty in the type of noise.
Summary of the scheme and the overhead
The proposed method of mitigating measurement errors is
devised under the aforementioned assumptions. When ap-
plying it to quantum algorithms, the steps are summarized
as follows.
1) Quantum pre-processing: after a circuit and before a
measurement, the collective channel-twirl is applied
with a set of three single-qubit unitaries, see Eq. (14).
2) Classical post-processing: after detection events, the
statistics of measurement outcomes is updated ac-
cording to ηΛ, see Eq. (15)
In practical applications, the value ηΛ can be obtained from
specifications of NISQ devices. For IBM quantum devices,
the specifications are often reported, e.g. 2-10%. When such
information is not available a priori, an error rate in mea-
surement readout can be estimated, which is cost effective
compared to detector tomography.
In the quantum pre-processing, it is required to perform
twirling a channel over multiple qubits. We note that a
unitary 2-design for channels over multiple qubits contains
a number of unitaries, where the number increases expo-
nentially. We have devised the collective channel-twirl in
Eq. (14) that contains three unitaries only. One can also refer
it as G-channel-twirl since the task is associated with a set
G of three unitaries.
The collective channel-twirl leads to a depolarization
channel in a single-qubit level if a reduced map trk¯[Λ
(n)
0 [·]]
is a Pauli channel. That is, we have the relation in the
following, see also Eq. (14)
trk¯
1
3
∑
G∈{U,V,W}
(G⊗n)†Λ(n)0 [G
⊗nρ1···n(G⊗n)†]G⊗n
= (1− η0)ρk + η0I/2
6where ρk is the k-th qubit state, ρk = trk¯ρ1···n and η0 =
ηtrk¯[Λ(n)0 ]
. We have used the notation that trk¯ is the trace
over all qubits but the k-th one and trk¯[Λ
(n)
0 ] defines a local
map on the k-th qubit state.
The advantage of the quantum pre-processing is that
three unitary gates are only required regardless to the
number of qubits. The set of three unitaries immediately
implements a depolarization channel in a single-qubit level.
It is required to apply local unitaries coherently, i.e., G⊗n
for G ∈ {U, V,W}, which is feasible with NISQ devices
as single-qubit operations can be realized with a high pre-
cision. In doing so, the measurement in the computational
basis remains an optimal one in a NISQ environment. In Sec.
5, the pre-processing is realized in two quantum algorithms
to mitigate the errors in measurement readout.
4 NUMERICAL SIMULATION
In this section, we apply the proposed method of error
mitigation to quantum algorithms and demonstrate their
performances under the condition that the addressed four
assumptions are fulfilled. The BV and QAE algorithms
are particularly considered. The BV algorithm is based on
oracle queries and has applications in Learning Parities with
Noise [41]. The QAE algorithm contains the building blocks
common to other ones, such as QAA and QFT that are key
elements in quantum search, quantum period-finding, and
quantum factoring. Although the QAE algorithm can be
simplified [42], [43], we here consider the original algorithm
that contains the building blocks: it is more useful to find if
the proposed scheme may work, or not. Moreover, recently
it is found that the QAE algorithm can be applied to quan-
tum finance problems [44].
The numerical simulation is performed under the afore-
mentioned four assumptions. From Assumption 1, a mea-
surement on single qubits is complete. From Assumption 2
and Assumption 3, POVMs describing detectors are noise-
less whereas qubit states right before detection events con-
tain noise. From Assumption 4, noise on qubit states is
described by Pauli channels. Then, the quantum pre- and
the classical post-processings are applied.
The simulation is performed in a Qiskit simulator. In the
Qiskit package, single-qubit operations are programmed in
the following forms,
U2(φ, λ) =
[
1/
√
2 −eiλ/√2
eiφ/
√
2 eiλ+iφ/
√
2
]
,
and
U3(θ, φ, λ) =
[
cos(θ/2) −eiλ sin(θ/2)
eiφ sin(θ/2) eiλ+iφ cos(θ/2)
]
.
For instance, the Hadamard transform can be realized by
H = U2(0, pi) and the rotation in Eq. (2) can be found as
Ry(θ) = U3(θ, 0, 0).
With the gates, the circuits for the BV and the QAE
algorithms are shown in Figs. 3 and 4. The first two registers
are for ancilla qubits that implement noisy channels on two
systems qubits right. The noisy channels are realized as it is
shown in Fig. 1. The circuits are then with 8 system qubits.
The results of a proof-of-principle demonstration are also
shown in Figs. 3 and 4. For both BV and QAE algorithms, it
is demonstrated that the statistics of measurement outcomes
is enhanced by the proposed method.
The results of numerical simulation show that when
the assumptions are valid, the proposed scheme of error
mitigation can efficiently work to enhance the statistics of
measurement outcomes. We remark that the results also
demonstrate the usefulness of the collective channel-twirl
in Eq. (14). This is closely related to Assumption 3 that
the effect of crosstalk is much smaller compared to noise
on individual qubits. One can also consider the channel-
twirl on individual qubits an incoherent manner, in which
it is found that an improvement is not presented even
if a depolarization channel on individual qubits has been
obtained. In the following, let us briefly summarize the BV
and the QAE algorithms.
4.1 The Berstein-Vazirani algorithm
Let us considers a function f : {0, 1}n → {0, 1} that works
as follows,
f : ~x 7→
n∑
i=1
xisi, for all ~x ∈ {0, 1}n (16)
and for some ~s ∈ {0, 1}n. The BV problem is then to find
the bit-string ~s. In the BV algorithm to solve the problem, a
unitary transformation in the following is implemented as a
quantum realization of the map in Eq. (16),
Uf : |~x〉|y〉 7→ |~x〉|y ⊕ f(~x)〉 (17)
where ⊕ denotes bit-wise addition. The BV algorithm has
shown that a single application of the unitary transforma-
tion Uf can find the string ~s. The steps are summarized as
follows.
1) Preparation |0〉⊗n|1〉A, where A denotes an ancilla
qubit
2) Unitary transformations : i) H⊗n ⊗ H :
|0〉⊗n|1〉A 7→ ( |0〉+|1〉√2 )⊗n ⊗ (
|0〉−|1〉√
2
)A
ii) Uf : (
|0〉+|1〉√
2
)⊗n ⊗ ( |0〉−|1〉√
2
)A 7→
1√
2n
∑
~x(−1)f(~x)|~x〉 ⊗ ( |0〉−|1〉√2 )A iii) H⊗n ⊗ I :
1√
2n
∑
~x(−1)f(~x)|~x〉 ⊗ ( |0〉−|1〉√2 )A 7→ |~s〉 ⊗ (
|0〉−|1〉√
2
)A
3) Measurement : {M0,M1}⊗n
The measurement corresponds to the map from the resulting
state to the solution, |~s〉 7→ ~s. A quantum circuit for the BV
algorithm with 8 qubits is shown in Fig. 3
4.2 Quantum amplitude estimation algorithm
Suppose that unitary transformation denoted by A is given
as follows,
A : |0〉⊗n 7→ |Ψ〉 = √1− p|Ψ0〉+√p|Ψ1〉. (18)
where |Ψ0〉 and |Ψ1〉 are normalized states and p is real. The
problem is to find the amplitude p, that the QAE algorithm
aims to estimate. Note that one can define θp that satisfies
sin2 θp = p.
In the QAE algorithm, two building blocks are the QFT
on m qubits,
Fm : |x〉 7→ 1√
2m
2m−1∑
y=0
exp[
2pii
2m
xy]|y〉.
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<latexit sha1_base64="JGfKgnfTxEsolI8S+tH692bNxWU=">AAAB8HicbVDLSgMxFL1TX7W+qi 7dBIvgqsyIYJdFNy5cVLAPaYeSyWTa0CQzJBmhDP0KNy4UcevnuPNvTKez0NYDgcM555J7T5Bwpo3rfjultfWNza3ydmVnd2//oHp41NFxqghtk5jHqhdgTTmTtG2Y4bSXKIpFwGk3mNzM/e4TVZrF8sFME +oLPJIsYgQbKz0O7mw0xMPGsFpz624OtEq8gtSgQGtY/RqEMUkFlYZwrHXfcxPjZ1gZRjidVQappgkmEzyifUslFlT7Wb7wDJ1ZJURRrOyTBuXq74kMC62nIrBJgc1YL3tz8T+vn5qo4WdMJqmhkiw+ilKO TIzm16OQKUoMn1qCiWJ2V0TGWGFibEcVW4K3fPIq6VzUPbfu3V/WmtdFHWU4gVM4Bw+uoAm30II2EBDwDK/w5ijnxXl3PhbRklPMHMMfOJ8/QAuQCA==</latexit><latexit sha1_base64="JGfKgnfTxEsolI8S+tH692bNxWU=">AAAB8HicbVDLSgMxFL1TX7W+qi 7dBIvgqsyIYJdFNy5cVLAPaYeSyWTa0CQzJBmhDP0KNy4UcevnuPNvTKez0NYDgcM555J7T5Bwpo3rfjultfWNza3ydmVnd2//oHp41NFxqghtk5jHqhdgTTmTtG2Y4bSXKIpFwGk3mNzM/e4TVZrF8sFME +oLPJIsYgQbKz0O7mw0xMPGsFpz624OtEq8gtSgQGtY/RqEMUkFlYZwrHXfcxPjZ1gZRjidVQappgkmEzyifUslFlT7Wb7wDJ1ZJURRrOyTBuXq74kMC62nIrBJgc1YL3tz8T+vn5qo4WdMJqmhkiw+ilKO TIzm16OQKUoMn1qCiWJ2V0TGWGFibEcVW4K3fPIq6VzUPbfu3V/WmtdFHWU4gVM4Bw+uoAm30II2EBDwDK/w5ijnxXl3PhbRklPMHMMfOJ8/QAuQCA==</latexit><latexit sha1_base64="JGfKgnfTxEsolI8S+tH692bNxWU=">AAAB8HicbVDLSgMxFL1TX7W+qi 7dBIvgqsyIYJdFNy5cVLAPaYeSyWTa0CQzJBmhDP0KNy4UcevnuPNvTKez0NYDgcM555J7T5Bwpo3rfjultfWNza3ydmVnd2//oHp41NFxqghtk5jHqhdgTTmTtG2Y4bSXKIpFwGk3mNzM/e4TVZrF8sFME +oLPJIsYgQbKz0O7mw0xMPGsFpz624OtEq8gtSgQGtY/RqEMUkFlYZwrHXfcxPjZ1gZRjidVQappgkmEzyifUslFlT7Wb7wDJ1ZJURRrOyTBuXq74kMC62nIrBJgc1YL3tz8T+vn5qo4WdMJqmhkiw+ilKO TIzm16OQKUoMn1qCiWJ2V0TGWGFibEcVW4K3fPIq6VzUPbfu3V/WmtdFHWU4gVM4Bw+uoAm30II2EBDwDK/w5ijnxXl3PhbRklPMHMMfOJ8/QAuQCA==</latexit><latexit sha1_base64="JGfKgnfTxEsolI8S+tH692bNxWU=">AAAB8HicbVDLSgMxFL1TX7W+qi 7dBIvgqsyIYJdFNy5cVLAPaYeSyWTa0CQzJBmhDP0KNy4UcevnuPNvTKez0NYDgcM555J7T5Bwpo3rfjultfWNza3ydmVnd2//oHp41NFxqghtk5jHqhdgTTmTtG2Y4bSXKIpFwGk3mNzM/e4TVZrF8sFME +oLPJIsYgQbKz0O7mw0xMPGsFpz624OtEq8gtSgQGtY/RqEMUkFlYZwrHXfcxPjZ1gZRjidVQappgkmEzyifUslFlT7Wb7wDJ1ZJURRrOyTBuXq74kMC62nIrBJgc1YL3tz8T+vn5qo4WdMJqmhkiw+ilKO TIzm16OQKUoMn1qCiWJ2V0TGWGFibEcVW4K3fPIq6VzUPbfu3V/WmtdFHWU4gVM4Bw+uoAm30II2EBDwDK/w5ijnxXl3PhbRklPMHMMfOJ8/QAuQCA==</latexit>
Measurement
<latexit sha1_base64="VQzzrGFomKvRJXPj2AYsooDKrf8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzI jgi6LbtwIFWwttEPJpHfa0CQzJBmhDsVfceNCEbf+hzv/xkw7C209EDicew/35IQJZ9p43rdTWlpeWV0rr1c2Nre2d9zdvZaOU0WhSWMeq3ZINHAmoWmY4dBOFBARcrgPR1f5/P4BlGaxvDPjBAJBBpJFjBJjpZ570BXEDJXIboDoV IEAaSY9t+rVvCnwIvELUkUFGj33q9uPaZqbKSdad3wvMUFGlGGUw6TSTTUkhI7IADqWSiJAB9k0/QQfW6WPo1jZJw2eqr8dGRFaj0VoN/Osen6Wi//NOqmJLoKMySQ1IOnsUJRybGKcV4H7TAE1fGwJoYrZrJgOiSLU2MIqtgR//s uLpHVa872af3tWrV8WdZTRITpCJ8hH56iOrlEDNRFFj+gZvaI358l5cd6dj9lqySk8++gPnM8fbASV1g==</latexit><latexit sha1_base64="VQzzrGFomKvRJXPj2AYsooDKrf8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzI jgi6LbtwIFWwttEPJpHfa0CQzJBmhDsVfceNCEbf+hzv/xkw7C209EDicew/35IQJZ9p43rdTWlpeWV0rr1c2Nre2d9zdvZaOU0WhSWMeq3ZINHAmoWmY4dBOFBARcrgPR1f5/P4BlGaxvDPjBAJBBpJFjBJjpZ570BXEDJXIboDoV IEAaSY9t+rVvCnwIvELUkUFGj33q9uPaZqbKSdad3wvMUFGlGGUw6TSTTUkhI7IADqWSiJAB9k0/QQfW6WPo1jZJw2eqr8dGRFaj0VoN/Osen6Wi//NOqmJLoKMySQ1IOnsUJRybGKcV4H7TAE1fGwJoYrZrJgOiSLU2MIqtgR//s uLpHVa872af3tWrV8WdZTRITpCJ8hH56iOrlEDNRFFj+gZvaI358l5cd6dj9lqySk8++gPnM8fbASV1g==</latexit><latexit sha1_base64="VQzzrGFomKvRJXPj2AYsooDKrf8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzI jgi6LbtwIFWwttEPJpHfa0CQzJBmhDsVfceNCEbf+hzv/xkw7C209EDicew/35IQJZ9p43rdTWlpeWV0rr1c2Nre2d9zdvZaOU0WhSWMeq3ZINHAmoWmY4dBOFBARcrgPR1f5/P4BlGaxvDPjBAJBBpJFjBJjpZ570BXEDJXIboDoV IEAaSY9t+rVvCnwIvELUkUFGj33q9uPaZqbKSdad3wvMUFGlGGUw6TSTTUkhI7IADqWSiJAB9k0/QQfW6WPo1jZJw2eqr8dGRFaj0VoN/Osen6Wi//NOqmJLoKMySQ1IOnsUJRybGKcV4H7TAE1fGwJoYrZrJgOiSLU2MIqtgR//s uLpHVa872af3tWrV8WdZTRITpCJ8hH56iOrlEDNRFFj+gZvaI358l5cd6dj9lqySk8++gPnM8fbASV1g==</latexit><latexit sha1_base64="VQzzrGFomKvRJXPj2AYsooDKrf8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzI jgi6LbtwIFWwttEPJpHfa0CQzJBmhDsVfceNCEbf+hzv/xkw7C209EDicew/35IQJZ9p43rdTWlpeWV0rr1c2Nre2d9zdvZaOU0WhSWMeq3ZINHAmoWmY4dBOFBARcrgPR1f5/P4BlGaxvDPjBAJBBpJFjBJjpZ570BXEDJXIboDoV IEAaSY9t+rVvCnwIvELUkUFGj33q9uPaZqbKSdad3wvMUFGlGGUw6TSTTUkhI7IADqWSiJAB9k0/QQfW6WPo1jZJw2eqr8dGRFaj0VoN/Osen6Wi//NOqmJLoKMySQ1IOnsUJRybGKcV4H7TAE1fGwJoYrZrJgOiSLU2MIqtgR//s uLpHVa872af3tWrV8WdZTRITpCJ8hH56iOrlEDNRFFj+gZvaI358l5cd6dj9lqySk8++gPnM8fbASV1g==</latexit>
(A)
<latexit sha1_base64="cbY z1JnEbAXTGe6NJnkM6cWOicE=">AAAB6nicbVBNS8NAEJ34Wet X1aOXxSLUS0lE0GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6 i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+ /dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpH stHM07Qj+hA8pAzaqz0ULk+65XKbtWdgSwTLydlyFHvlb66/Zi lEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq /RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo 2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r 3pu1bu/KNdu8jgKcAwnUAEPLqEGd1CHBjAYwDO8wpsjnBfn3fm Yt644+cwR/IHz+QNYC40q</latexit><latexit sha1_base64="cbY z1JnEbAXTGe6NJnkM6cWOicE=">AAAB6nicbVBNS8NAEJ34Wet X1aOXxSLUS0lE0GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6 i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+ /dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpH stHM07Qj+hA8pAzaqz0ULk+65XKbtWdgSwTLydlyFHvlb66/Zi lEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq /RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo 2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r 3pu1bu/KNdu8jgKcAwnUAEPLqEGd1CHBjAYwDO8wpsjnBfn3fm Yt644+cwR/IHz+QNYC40q</latexit><latexit sha1_base64="cbY z1JnEbAXTGe6NJnkM6cWOicE=">AAAB6nicbVBNS8NAEJ34Wet X1aOXxSLUS0lE0GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6 i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+ /dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpH stHM07Qj+hA8pAzaqz0ULk+65XKbtWdgSwTLydlyFHvlb66/Zi lEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq /RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo 2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r 3pu1bu/KNdu8jgKcAwnUAEPLqEGd1CHBjAYwDO8wpsjnBfn3fm Yt644+cwR/IHz+QNYC40q</latexit><latexit sha1_base64="cbY z1JnEbAXTGe6NJnkM6cWOicE=">AAAB6nicbVBNS8NAEJ34Wet X1aOXxSLUS0lE0GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6 i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+ /dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpH stHM07Qj+hA8pAzaqz0ULk+65XKbtWdgSwTLydlyFHvlb66/Zi lEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq /RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo 2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r 3pu1bu/KNdu8jgKcAwnUAEPLqEGd1CHBjAYwDO8wpsjnBfn3fm Yt644+cwR/IHz+QNYC40q</latexit>
(B)
<latexit sha1_base64="NrO1Hevw2XL1GbXO8MGJDq6J3XM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GOpF48V7Qe0 oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5X6Rb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7 qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu1bu/KtfqeRwFOIUzqIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFZkI0r</la texit><latexit sha1_base64="NrO1Hevw2XL1GbXO8MGJDq6J3XM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GOpF48V7Qe0 oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5X6Rb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7 qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu1bu/KtfqeRwFOIUzqIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFZkI0r</la texit><latexit sha1_base64="NrO1Hevw2XL1GbXO8MGJDq6J3XM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GOpF48V7Qe0 oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5X6Rb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7 qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu1bu/KtfqeRwFOIUzqIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFZkI0r</la texit><latexit sha1_base64="NrO1Hevw2XL1GbXO8MGJDq6J3XM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GOpF48V7Qe0 oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5X6Rb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7 qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu1bu/KtfqeRwFOIUzqIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFZkI0r</la texit>
0.49
<latexit sha1_base64="T72FgdUIG/3a4EIMelYE5H8R4YM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0ikUL0VvXisYD+gDWWz3bRLdzdhdy OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkkufWb4bVmud6C6B14hekBgVaw+rXYBSTVFBpCMda930vMUGGlWGE03llkGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7 IsNC65kIbafAZqJXvVz8z+unJroOMiaT1FBJlouilCMTo/xxNGKKEsNnlmCimL0VkQlWmBgbT8WG4K++vE46V67vuf5Dvda8LeIowxmcwyX40IAm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8wfT5o1t</latexit><latexit sha1_base64="T72FgdUIG/3a4EIMelYE5H8R4YM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0ikUL0VvXisYD+gDWWz3bRLdzdhdy OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkkufWb4bVmud6C6B14hekBgVaw+rXYBSTVFBpCMda930vMUGGlWGE03llkGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7 IsNC65kIbafAZqJXvVz8z+unJroOMiaT1FBJlouilCMTo/xxNGKKEsNnlmCimL0VkQlWmBgbT8WG4K++vE46V67vuf5Dvda8LeIowxmcwyX40IAm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8wfT5o1t</latexit><latexit sha1_base64="T72FgdUIG/3a4EIMelYE5H8R4YM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0ikUL0VvXisYD+gDWWz3bRLdzdhdy OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkkufWb4bVmud6C6B14hekBgVaw+rXYBSTVFBpCMda930vMUGGlWGE03llkGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7 IsNC65kIbafAZqJXvVz8z+unJroOMiaT1FBJlouilCMTo/xxNGKKEsNnlmCimL0VkQlWmBgbT8WG4K++vE46V67vuf5Dvda8LeIowxmcwyX40IAm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8wfT5o1t</latexit><latexit sha1_base64="T72FgdUIG/3a4EIMelYE5H8R4YM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0ikUL0VvXisYD+gDWWz3bRLdzdhdy OU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkkufWb4bVmud6C6B14hekBgVaw+rXYBSTVFBpCMda930vMUGGlWGE03llkGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7 IsNC65kIbafAZqJXvVz8z+unJroOMiaT1FBJlouilCMTo/xxNGKKEsNnlmCimL0VkQlWmBgbT8WG4K++vE46V67vuf5Dvda8LeIowxmcwyX40IAm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8wfT5o1t</latexit>
0.66
<latexit sha1_base64="B4h1c0rHIiDp3/ZL0IG0lUI4sts=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hEWo9FLx4r2A9oQ9lsN+3S3U3Y3Q gl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55Ln1+rBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9P ZFhoPROh7RTYTPSql4v/ef3URDdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10nnyvU913+4rjVvizjKcAbncAk+NKAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHSZI1s</latexit><latexit sha1_base64="B4h1c0rHIiDp3/ZL0IG0lUI4sts=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hEWo9FLx4r2A9oQ9lsN+3S3U3Y3Q gl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55Ln1+rBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9P ZFhoPROh7RTYTPSql4v/ef3URDdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10nnyvU913+4rjVvizjKcAbncAk+NKAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHSZI1s</latexit><latexit sha1_base64="B4h1c0rHIiDp3/ZL0IG0lUI4sts=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hEWo9FLx4r2A9oQ9lsN+3S3U3Y3Q gl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55Ln1+rBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9P ZFhoPROh7RTYTPSql4v/ef3URDdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10nnyvU913+4rjVvizjKcAbncAk+NKAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHSZI1s</latexit><latexit sha1_base64="B4h1c0rHIiDp3/ZL0IG0lUI4sts=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hEWo9FLx4r2A9oQ9lsN+3S3U3Y3Q gl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55Ln1+rBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9P ZFhoPROh7RTYTPSql4v/ef3URDdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10nnyvU913+4rjVvizjKcAbncAk+NKAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHSZI1s</latexit>
0.72
<latexit sha1_base64="9zoC3qpJyBVikxxHzGbo/Y4NJ8Q=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iK0B6LXjxWsB/QhrLZbtqlu5uwux FK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbe/s7pX3KweHR8cn1dOzro5TRWiHxDxW/RBrypmkHcMMp/1EUSxCTnvh7C73e09UaRbLRzNPaCDwRLKIEWxyyXMb9VG15rneEmiT+AWpQYH2qPo1HMckFVQawrHWA99LTJBhZRjhdFEZppommMzwhA4slVhQHWTLWxfoyipjFMXKljRoqf6e yLDQei5C2ymwmep1Lxf/8wapiZpBxmSSGirJalGUcmRilD+OxkxRYvjcEkwUs7ciMsUKE2PjqdgQ/PWXN0m37vqe6z/c1Fq3RRxluIBLuAYfGtCCe2hDBwhM4Rle4c0Rzovz7nysWktOMXMOf+B8/gDN2Y1p</latexit><latexit sha1_base64="9zoC3qpJyBVikxxHzGbo/Y4NJ8Q=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iK0B6LXjxWsB/QhrLZbtqlu5uwux FK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbe/s7pX3KweHR8cn1dOzro5TRWiHxDxW/RBrypmkHcMMp/1EUSxCTnvh7C73e09UaRbLRzNPaCDwRLKIEWxyyXMb9VG15rneEmiT+AWpQYH2qPo1HMckFVQawrHWA99LTJBhZRjhdFEZppommMzwhA4slVhQHWTLWxfoyipjFMXKljRoqf6e yLDQei5C2ymwmep1Lxf/8wapiZpBxmSSGirJalGUcmRilD+OxkxRYvjcEkwUs7ciMsUKE2PjqdgQ/PWXN0m37vqe6z/c1Fq3RRxluIBLuAYfGtCCe2hDBwhM4Rle4c0Rzovz7nysWktOMXMOf+B8/gDN2Y1p</latexit><latexit sha1_base64="9zoC3qpJyBVikxxHzGbo/Y4NJ8Q=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iK0B6LXjxWsB/QhrLZbtqlu5uwux FK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbe/s7pX3KweHR8cn1dOzro5TRWiHxDxW/RBrypmkHcMMp/1EUSxCTnvh7C73e09UaRbLRzNPaCDwRLKIEWxyyXMb9VG15rneEmiT+AWpQYH2qPo1HMckFVQawrHWA99LTJBhZRjhdFEZppommMzwhA4slVhQHWTLWxfoyipjFMXKljRoqf6e yLDQei5C2ymwmep1Lxf/8wapiZpBxmSSGirJalGUcmRilD+OxkxRYvjcEkwUs7ciMsUKE2PjqdgQ/PWXN0m37vqe6z/c1Fq3RRxluIBLuAYfGtCCe2hDBwhM4Rle4c0Rzovz7nysWktOMXMOf+B8/gDN2Y1p</latexit><latexit sha1_base64="9zoC3qpJyBVikxxHzGbo/Y4NJ8Q=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iK0B6LXjxWsB/QhrLZbtqlu5uwux FK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbe/s7pX3KweHR8cn1dOzro5TRWiHxDxW/RBrypmkHcMMp/1EUSxCTnvh7C73e09UaRbLRzNPaCDwRLKIEWxyyXMb9VG15rneEmiT+AWpQYH2qPo1HMckFVQawrHWA99LTJBhZRjhdFEZppommMzwhA4slVhQHWTLWxfoyipjFMXKljRoqf6e yLDQei5C2ymwmep1Lxf/8wapiZpBxmSSGirJalGUcmRilD+OxkxRYvjcEkwUs7ciMsUKE2PjqdgQ/PWXN0m37vqe6z/c1Fq3RRxluIBLuAYfGtCCe2hDBwhM4Rle4c0Rzovz7nysWktOMXMOf+B8/gDN2Y1p</latexit>
= H<latexit sha1_base64="LDq E03blxztI3RGQLznwGPanU0k=">AAAB6nicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE0ItQ9NJjRfsBbSib7aZdutmE3YlQQn+CF w+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcL u3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8 d3Mbz9xbUSsHnGScD+iQyVCwSha6eGG1Pvlilt15yCrxMtJB XI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aq mjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP 6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2Ihqy tCmU7IheMsvr5LWRdVzq979ZaV2m8dRhBM4hXPw4ApqUIcGN IHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w904I09</latexit ><latexit sha1_base64="LDq E03blxztI3RGQLznwGPanU0k=">AAAB6nicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE0ItQ9NJjRfsBbSib7aZdutmE3YlQQn+CF w+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcL u3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8 d3Mbz9xbUSsHnGScD+iQyVCwSha6eGG1Pvlilt15yCrxMtJB XI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aq mjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP 6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2Ihqy tCmU7IheMsvr5LWRdVzq979ZaV2m8dRhBM4hXPw4ApqUIcGN IHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w904I09</latexit ><latexit sha1_base64="LDq E03blxztI3RGQLznwGPanU0k=">AAAB6nicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE0ItQ9NJjRfsBbSib7aZdutmE3YlQQn+CF w+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcL u3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8 d3Mbz9xbUSsHnGScD+iQyVCwSha6eGG1Pvlilt15yCrxMtJB XI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aq mjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP 6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2Ihqy tCmU7IheMsvr5LWRdVzq979ZaV2m8dRhBM4hXPw4ApqUIcGN IHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w904I09</latexit ><latexit sha1_base64="LDq E03blxztI3RGQLznwGPanU0k=">AAAB6nicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE0ItQ9NJjRfsBbSib7aZdutmE3YlQQn+CF w+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcL u3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8 d3Mbz9xbUSsHnGScD+iQyVCwSha6eGG1Pvlilt15yCrxMtJB XI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aq mjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP 6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2Ihqy tCmU7IheMsvr5LWRdVzq979ZaV2m8dRhBM4hXPw4ApqUIcGN IHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w904I09</latexit >
= UCNOT
<latexit sha1_base64="/Y6 7MGXAz+9INmt4+33PiluT/eg=">AAAB/HicbVDNSsNAGNzUv 1r/oj16WSyCp5KIoBeh2IsnrdC0hTaEzXbTLt1Nwu5GCCG+i hcPinj1Qbz5Nm7aHLR1YGGY+T6+2fFjRqWyrG+jsra+sblV3 a7t7O7tH5iHRz0ZJQITB0csEgMfScJoSBxFFSODWBDEfUb6/ qxd+P1HIiSNwq5KY+JyNAlpQDFSWvLM+jV0vGzEkZoKnrXv7 rt57pkNq2nNAVeJXZIGKNHxzK/ROMIJJ6HCDEk5tK1YuRkSi mJG8tookSRGeIYmZKhpiDiRbjYPn8NTrYxhEAn9QgXn6u+ND HEpU+7rySKlXPYK8T9vmKjgys1oGCeKhHhxKEgYVBEsmoBjK ghWLNUEYUF1VoinSCCsdF81XYK9/OVV0jtv2lbTfrhotG7KO qrgGJyAM2CDS9ACt6ADHIBBCp7BK3gznowX4934WIxWjHKnD v7A+PwBQiyUgw==</latexit><latexit sha1_base64="/Y6 7MGXAz+9INmt4+33PiluT/eg=">AAAB/HicbVDNSsNAGNzUv 1r/oj16WSyCp5KIoBeh2IsnrdC0hTaEzXbTLt1Nwu5GCCG+i hcPinj1Qbz5Nm7aHLR1YGGY+T6+2fFjRqWyrG+jsra+sblV3 a7t7O7tH5iHRz0ZJQITB0csEgMfScJoSBxFFSODWBDEfUb6/ qxd+P1HIiSNwq5KY+JyNAlpQDFSWvLM+jV0vGzEkZoKnrXv7 rt57pkNq2nNAVeJXZIGKNHxzK/ROMIJJ6HCDEk5tK1YuRkSi mJG8tookSRGeIYmZKhpiDiRbjYPn8NTrYxhEAn9QgXn6u+ND HEpU+7rySKlXPYK8T9vmKjgys1oGCeKhHhxKEgYVBEsmoBjK ghWLNUEYUF1VoinSCCsdF81XYK9/OVV0jtv2lbTfrhotG7KO qrgGJyAM2CDS9ACt6ADHIBBCp7BK3gznowX4934WIxWjHKnD v7A+PwBQiyUgw==</latexit><latexit sha1_base64="/Y6 7MGXAz+9INmt4+33PiluT/eg=">AAAB/HicbVDNSsNAGNzUv 1r/oj16WSyCp5KIoBeh2IsnrdC0hTaEzXbTLt1Nwu5GCCG+i hcPinj1Qbz5Nm7aHLR1YGGY+T6+2fFjRqWyrG+jsra+sblV3 a7t7O7tH5iHRz0ZJQITB0csEgMfScJoSBxFFSODWBDEfUb6/ qxd+P1HIiSNwq5KY+JyNAlpQDFSWvLM+jV0vGzEkZoKnrXv7 rt57pkNq2nNAVeJXZIGKNHxzK/ROMIJJ6HCDEk5tK1YuRkSi mJG8tookSRGeIYmZKhpiDiRbjYPn8NTrYxhEAn9QgXn6u+ND HEpU+7rySKlXPYK8T9vmKjgys1oGCeKhHhxKEgYVBEsmoBjK ghWLNUEYUF1VoinSCCsdF81XYK9/OVV0jtv2lbTfrhotG7KO qrgGJyAM2CDS9ACt6ADHIBBCp7BK3gznowX4934WIxWjHKnD v7A+PwBQiyUgw==</latexit><latexit sha1_base64="/Y6 7MGXAz+9INmt4+33PiluT/eg=">AAAB/HicbVDNSsNAGNzUv 1r/oj16WSyCp5KIoBeh2IsnrdC0hTaEzXbTLt1Nwu5GCCG+i hcPinj1Qbz5Nm7aHLR1YGGY+T6+2fFjRqWyrG+jsra+sblV3 a7t7O7tH5iHRz0ZJQITB0csEgMfScJoSBxFFSODWBDEfUb6/ qxd+P1HIiSNwq5KY+JyNAlpQDFSWvLM+jV0vGzEkZoKnrXv7 rt57pkNq2nNAVeJXZIGKNHxzK/ROMIJJ6HCDEk5tK1YuRkSi mJG8tookSRGeIYmZKhpiDiRbjYPn8NTrYxhEAn9QgXn6u+ND HEpU+7rySKlXPYK8T9vmKjgys1oGCeKhHhxKEgYVBEsmoBjK ghWLNUEYUF1VoinSCCsdF81XYK9/OVV0jtv2lbTfrhotG7KO qrgGJyAM2CDS9ACt6ADHIBBCp7BK3gznowX4934WIxWjHKnD v7A+PwBQiyUgw==</latexit>
Twirling Twirling 
(B)
<latexit sha1_base64="NrO1Hevw2XL1GbXO8MGJDq6J3XM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GOpF48V7Qe0 oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5X6Rb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7 qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu1bu/KtfqeRwFOIUzqIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFZkI0r</la texit><latexit sha1_base64="NrO1Hevw2XL1GbXO8MGJDq6J3XM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GOpF48V7Qe0 oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5X6Rb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7 qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu1bu/KtfqeRwFOIUzqIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFZkI0r</la texit><latexit sha1_base64="NrO1Hevw2XL1GbXO8MGJDq6J3XM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GOpF48V7Qe0 oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5X6Rb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7 qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu1bu/KtfqeRwFOIUzqIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFZkI0r</la texit><latexit sha1_base64="NrO1Hevw2XL1GbXO8MGJDq6J3XM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GOpF48V7Qe0 oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5X6Rb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7 qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu1bu/KtfqeRwFOIUzqIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFZkI0r</la texit>
Pr
ob
ab
ilit
ies0.7<latexit sha1_base64="RytemBY+Iz9wrp4IUdMylPQy61g=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTAXXxvO+nNLa+sbmVnm7sr O7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByM/c7j6g0T+SDmaYYxHQkecQZNVa699z6oFrzXG8B8pf4BalBgeag+tkfJiyLURomqNY9 30tNkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHqjJxZZUiiRNmShizUnxM5jbWexqHtjKkZ61VvLv7n9TITXQU5l2lmULLloigTxCRk/jcZcoXMiKkll ClubyVsTBVlxqZTsSH4qy//Je0L1/dc/+6y1rgu4ijDCZzCOfhQhwbcQhNawGAET/ACr45wnp03533ZWnKKmWP4BefjG1yUjS0=</latexit><latexit sha1_base64="RytemBY+Iz9wrp4IUdMylPQy61g=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTAXXxvO+nNLa+sbmVnm7sr O7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByM/c7j6g0T+SDmaYYxHQkecQZNVa699z6oFrzXG8B8pf4BalBgeag+tkfJiyLURomqNY9 30tNkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHqjJxZZUiiRNmShizUnxM5jbWexqHtjKkZ61VvLv7n9TITXQU5l2lmULLloigTxCRk/jcZcoXMiKkll ClubyVsTBVlxqZTsSH4qy//Je0L1/dc/+6y1rgu4ijDCZzCOfhQhwbcQhNawGAET/ACr45wnp03533ZWnKKmWP4BefjG1yUjS0=</latexit><latexit sha1_base64="RytemBY+Iz9wrp4IUdMylPQy61g=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTAXXxvO+nNLa+sbmVnm7sr O7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByM/c7j6g0T+SDmaYYxHQkecQZNVa699z6oFrzXG8B8pf4BalBgeag+tkfJiyLURomqNY9 30tNkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHqjJxZZUiiRNmShizUnxM5jbWexqHtjKkZ61VvLv7n9TITXQU5l2lmULLloigTxCRk/jcZcoXMiKkll ClubyVsTBVlxqZTsSH4qy//Je0L1/dc/+6y1rgu4ijDCZzCOfhQhwbcQhNawGAET/ACr45wnp03533ZWnKKmWP4BefjG1yUjS0=</latexit><latexit sha1_base64="RytemBY+Iz9wrp4IUdMylPQy61g=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTAXXxvO+nNLa+sbmVnm7sr O7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByM/c7j6g0T+SDmaYYxHQkecQZNVa699z6oFrzXG8B8pf4BalBgeag+tkfJiyLURomqNY9 30tNkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHqjJxZZUiiRNmShizUnxM5jbWexqHtjKkZ61VvLv7n9TITXQU5l2lmULLloigTxCRk/jcZcoXMiKkll ClubyVsTBVlxqZTsSH4qy//Je0L1/dc/+6y1rgu4ijDCZzCOfhQhwbcQhNawGAET/ACr45wnp03533ZWnKKmWP4BefjG1yUjS0=</latexit>
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Fig. 3. A quantum circuit of the BV algorithm that finds the solution is ~s = 10010001 is shown. In the circuit, the first two qubits are ancillar qubits to
be used to introduce noise in the 5th and 8th system qubits, see Fig. 1. Three CNOT gates in the 1-st, the 5-th, and the 8-th registers implement the
quantum oracle in Eq. (17). Two boxes characterized by quantum channels Λ5 and Λ8 introduce noise on the 5-th and the 8-th qubits, respectively.
The maps introduce noise in detection events in the 5-th and 8-th qubits. The quantum pre-processing applies the channel-twirl in Eq. (13) before
and after a noisy channel. The gray box after a measurement denotes the classical post-processing. The BV algorithm is ideal when neither Λ5
nor Λ8 is applied. (A) The statistics of measurement outcomes is shown when detection events in the 5-th register contain noise, i.e., with Λ5 only.
If no noise exists in the BV algorithm, it is with the unit the probability to obtain the bit-string ~s = 10010001 (blue). When noise exists in the 5-th
detector, i.e., with Λ5, the probability drops to 0.7 (red). With the quantum pre-processing, the probability increases to 0.8 (violet). Together with the
classical post-processing, the probability increases up to 0.84 (orange). (B) The statistics of measurement outcomes are shown when detection
events in the 5- and 8-qubits both contain noise. The probability of obtaining the bit-string ~s = 10010001 in a measurement drops to 0.49 by noise
on two detectors, and increases to 0.66 by the channel-twirl and then up to 0.71 together with the classical post-processing.
and an operator from QAA is implemented as follows,
Q = (I− 2|0〉〈0|⊗n)(I− 2|Ψ0〉〈Ψ0|).
The unitary transformation F†m denotes the inverse QFT.
Note that the operator Q is defined in the two-dimensional
space spanned by |Ψ0〉 and |Ψ1〉. In fact, the eigenvalues
of the operator can be found by λ± = exp[±i2θp] and the
eigenvectors |Ψ±〉 = (|Ψ1〉 ± i|Ψ0〉)/
√
2, respectively. In the
QAE algorithm, the operator Q is applied conditioned on m
qubits, UQ : |j〉|y〉 7→ |j〉Qj |y〉.
Then, the QAE algorithm can be summarized as follows.
1) Preparation
|0〉⊗m|0〉⊗nA , where A denotes ancilla qubits.
2) Unitary transformations:
i) Fm ⊗A :
|0〉⊗m|0〉⊗nA 7→ 1√2m
∑2m−1
y=0 |y〉 ⊗ |Ψ〉A
ii) UQ :
1√
2m
∑2m−1
y=0 |y〉 ⊗ |Ψ〉A 7→
|Φ〉 = 1√
2m
∑2m−1
y=0 e
i2θpy|y〉 ⊗ i√
2
eiθp |Ψ+〉A
− 1√
2m
∑2m−1
y=0 e
−i2θpy|y〉 ⊗ i√
2
e−iθp |Ψ−〉A
iii) F†m ⊗ I :
|Φ〉 7→
|2m θppi 〉⊗ i√2eiθp |Ψ+〉A+|2m(1−
θp
pi )〉⊗ i√2eiθp |Ψ−〉A
3) Measurement : {M0,M1}⊗m
The measurement reads outcomes z1z2 · · · zm in binary
numbers, which are converted to a decimal one z ∈
{0, · · · , 2m − 1}. This provides an estimator
p˜ = sin2(zpi/2m) (19)
an approximation to the amplitude p. It has been shown that
the estimator satisfies |p − p˜| ≤ O(2−m) with a probability
greater than 8/pi2. Thus, we have that p˜ converges to p with
a high probability as m tends to be a large number.
8|0i⌦n
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Q.P.
<latexit sha1_base64="80BR70Ll3xKlqimnIteotzteKpo=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgapgRQZdFNy5bsA9oh5JJM21 okhmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjed9O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSec3Od+Z0qVZrF8NLOEBgKPJIsYwcZKQV9gM1Yia7oNdz6o1jzXWwCtE78gNSjQGFS/+sOYpIJKQzjWuud7iQkyrAwjnM4r/VTTBJMJHtG epRILqoNsEXqOLqwyRFGs7JMGLdTfGxkWWs9EaCfzkHrVy8X/vF5qotsgYzJJDZVkeShKOTIxyhtAQ6YoMXxmCSaK2ayIjLHCxNieKrYEf/XL66R95fqe6zeva/W7oo4ynME5XIIPN1CHB2hACwg8wTO8wpszdV6cd+djOVpyip1T+APn8wdlSJHW</latexit><latexit sha1_base64="80BR70Ll3xKlqimnIteotzteKpo=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgapgRQZdFNy5bsA9oh5JJM21 okhmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjed9O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSec3Od+Z0qVZrF8NLOEBgKPJIsYwcZKQV9gM1Yia7oNdz6o1jzXWwCtE78gNSjQGFS/+sOYpIJKQzjWuud7iQkyrAwjnM4r/VTTBJMJHtG epRILqoNsEXqOLqwyRFGs7JMGLdTfGxkWWs9EaCfzkHrVy8X/vF5qotsgYzJJDZVkeShKOTIxyhtAQ6YoMXxmCSaK2ayIjLHCxNieKrYEf/XL66R95fqe6zeva/W7oo4ynME5XIIPN1CHB2hACwg8wTO8wpszdV6cd+djOVpyip1T+APn8wdlSJHW</latexit><latexit sha1_base64="80BR70Ll3xKlqimnIteotzteKpo=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgapgRQZdFNy5bsA9oh5JJM21 okhmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjed9O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSec3Od+Z0qVZrF8NLOEBgKPJIsYwcZKQV9gM1Yia7oNdz6o1jzXWwCtE78gNSjQGFS/+sOYpIJKQzjWuud7iQkyrAwjnM4r/VTTBJMJHtG epRILqoNsEXqOLqwyRFGs7JMGLdTfGxkWWs9EaCfzkHrVy8X/vF5qotsgYzJJDZVkeShKOTIxyhtAQ6YoMXxmCSaK2ayIjLHCxNieKrYEf/XL66R95fqe6zeva/W7oo4ynME5XIIPN1CHB2hACwg8wTO8wpszdV6cd+djOVpyip1T+APn8wdlSJHW</latexit><latexit sha1_base64="80BR70Ll3xKlqimnIteotzteKpo=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgapgRQZdFNy5bsA9oh5JJM21 okhmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjed9O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSec3Od+Z0qVZrF8NLOEBgKPJIsYwcZKQV9gM1Yia7oNdz6o1jzXWwCtE78gNSjQGFS/+sOYpIJKQzjWuud7iQkyrAwjnM4r/VTTBJMJHtG epRILqoNsEXqOLqwyRFGs7JMGLdTfGxkWWs9EaCfzkHrVy8X/vF5qotsgYzJJDZVkeShKOTIxyhtAQ6YoMXxmCSaK2ayIjLHCxNieKrYEf/XL66R95fqe6zeva/W7oo4ynME5XIIPN1CHB2hACwg8wTO8wpszdV6cd+djOVpyip1T+APn8wdlSJHW</latexit>
C.P.
<latexit sha1_base64="0VBk22Qt7y2cUqzuAim1xDNMyY8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgapgRQZfFblxWsA9oh5JJM21okhm TTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjed9O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSecNHK/M6VKs1g+mllCA4FHkkWMYGOloC+wGSuRNdymOx9Ua57rLYDWiV+QGhRoDqpf/WFMUkGlIRxr3fO9xAQZVoYRTueVfqppgskEj2jPUokF1UG2CD1HF 1YZoihW9kmDFurvjQwLrWcitJN5SL3q5eJ/Xi810W2QMZmkhkqyPBSlHJkY5Q2gIVOUGD6zBBPFbFZExlhhYmxPFVuCv/rlddK+cn3P9R+ua/W7oo4ynME5XIIPN1CHe2hCCwg8wTO8wpszdV6cd+djOVpyip1T+APn8wdP2JHI</latexit><latexit sha1_base64="0VBk22Qt7y2cUqzuAim1xDNMyY8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgapgRQZfFblxWsA9oh5JJM21okhm TTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjed9O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSecNHK/M6VKs1g+mllCA4FHkkWMYGOloC+wGSuRNdymOx9Ua57rLYDWiV+QGhRoDqpf/WFMUkGlIRxr3fO9xAQZVoYRTueVfqppgskEj2jPUokF1UG2CD1HF 1YZoihW9kmDFurvjQwLrWcitJN5SL3q5eJ/Xi810W2QMZmkhkqyPBSlHJkY5Q2gIVOUGD6zBBPFbFZExlhhYmxPFVuCv/rlddK+cn3P9R+ua/W7oo4ynME5XIIPN1CHe2hCCwg8wTO8wpszdV6cd+djOVpyip1T+APn8wdP2JHI</latexit><latexit sha1_base64="0VBk22Qt7y2cUqzuAim1xDNMyY8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgapgRQZfFblxWsA9oh5JJM21okhm TTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjed9O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSecNHK/M6VKs1g+mllCA4FHkkWMYGOloC+wGSuRNdymOx9Ua57rLYDWiV+QGhRoDqpf/WFMUkGlIRxr3fO9xAQZVoYRTueVfqppgskEj2jPUokF1UG2CD1HF 1YZoihW9kmDFurvjQwLrWcitJN5SL3q5eJ/Xi810W2QMZmkhkqyPBSlHJkY5Q2gIVOUGD6zBBPFbFZExlhhYmxPFVuCv/rlddK+cn3P9R+ua/W7oo4ynME5XIIPN1CHe2hCCwg8wTO8wpszdV6cd+djOVpyip1T+APn8wdP2JHI</latexit><latexit sha1_base64="0VBk22Qt7y2cUqzuAim1xDNMyY8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgapgRQZfFblxWsA9oh5JJM21okhm TTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjed9O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSecNHK/M6VKs1g+mllCA4FHkkWMYGOloC+wGSuRNdymOx9Ua57rLYDWiV+QGhRoDqpf/WFMUkGlIRxr3fO9xAQZVoYRTueVfqppgskEj2jPUokF1UG2CD1HF 1YZoihW9kmDFurvjQwLrWcitJN5SL3q5eJ/Xi810W2QMZmkhkqyPBSlHJkY5Q2gIVOUGD6zBBPFbFZExlhhYmxPFVuCv/rlddK+cn3P9R+ua/W7oo4ynME5XIIPN1CHe2hCCwg8wTO8wpszdV6cd+djOVpyip1T+APn8wdP2JHI</latexit>
Qk
<latexit sha1_base64="gAynM9VMQIhzc63ki9D/s akMjjQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttLJvtpl262YTdiVBCf4MXD4p49Qd58 9+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H 4bua3n7g2IlEPOEl5ENOhEpFgFK3kNx/z8bRfqbo1dw6ySryCVKFAo1/56g0SlsVcIZPUmK7nphjkVKNgkk/Lv czwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUY3QS5UmiFXbLEoyiTBhMw +JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ippXdY8t+Y1r6r12yKOEpzCGVyAB9dQh3togA8MBDzDK7w5ynlx3 p2PReuaU8ycwB84nz/rKY6+</latexit><latexit sha1_base64="gAynM9VMQIhzc63ki9D/s akMjjQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttLJvtpl262YTdiVBCf4MXD4p49Qd58 9+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H 4bua3n7g2IlEPOEl5ENOhEpFgFK3kNx/z8bRfqbo1dw6ySryCVKFAo1/56g0SlsVcIZPUmK7nphjkVKNgkk/Lv czwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUY3QS5UmiFXbLEoyiTBhMw +JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ippXdY8t+Y1r6r12yKOEpzCGVyAB9dQh3togA8MBDzDK7w5ynlx3 p2PReuaU8ycwB84nz/rKY6+</latexit><latexit sha1_base64="gAynM9VMQIhzc63ki9D/s akMjjQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttLJvtpl262YTdiVBCf4MXD4p49Qd58 9+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H 4bua3n7g2IlEPOEl5ENOhEpFgFK3kNx/z8bRfqbo1dw6ySryCVKFAo1/56g0SlsVcIZPUmK7nphjkVKNgkk/Lv czwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUY3QS5UmiFXbLEoyiTBhMw +JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ippXdY8t+Y1r6r12yKOEpzCGVyAB9dQh3togA8MBDzDK7w5ynlx3 p2PReuaU8ycwB84nz/rKY6+</latexit><latexit sha1_base64="gAynM9VMQIhzc63ki9D/s akMjjQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttLJvtpl262YTdiVBCf4MXD4p49Qd58 9+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H 4bua3n7g2IlEPOEl5ENOhEpFgFK3kNx/z8bRfqbo1dw6ySryCVKFAo1/56g0SlsVcIZPUmK7nphjkVKNgkk/Lv czwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUY3QS5UmiFXbLEoyiTBhMw +JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ippXdY8t+Y1r6r12yKOEpzCGVyAB9dQh3togA8MBDzDK7w5ynlx3 p2PReuaU8ycwB84nz/rKY6+</latexit>
(A)
<latexit sha1_base64="cbYz1JnEbAXTGe6NJnkM6cWOic E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu /NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8 pAzaqz0ULk+65XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCt b0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r 3pu1bu/KNdu8jgKcAwnUAEPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYC40q</latexit><latexit sha1_base64="cbYz1JnEbAXTGe6NJnkM6cWOic E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu /NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8 pAzaqz0ULk+65XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCt b0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r 3pu1bu/KNdu8jgKcAwnUAEPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYC40q</latexit><latexit sha1_base64="cbYz1JnEbAXTGe6NJnkM6cWOic E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu /NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8 pAzaqz0ULk+65XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCt b0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r 3pu1bu/KNdu8jgKcAwnUAEPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYC40q</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXy w=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zk nIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUC k7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394u KZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6n MMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="OGzgiV0QgQf/5tWF7+wBxkUf77 4=">AAAB33icbZBLSwMxFIXv+Ky1anXrJliEuikzbnSpuHFZ0T6gHUomvW1DM5khuSOUoT/BjQtF/Ffu/Demj4W2Hgh8nJ OQe0+UKmnJ97+9jc2t7Z3dwl5xv3RweFQ+LjVtkhmBDZGoxLQjblFJjQ2SpLCdGuRxpLAVje9meesZjZWJfqJJimHMh1oOp ODkrMfq7UWvXPFr/lxsHYIlVGCpeq/81e0nIotRk1Dc2k7gpxTm3JAUCqfFbmYx5WLMh9hxqHmMNszno07ZuXP6bJAYdzS xufv7Rc5jaydx5G7GnEZ2NZuZ/2WdjAbXYS51mhFqsfhokClGCZvtzfrSoCA1ccCFkW5WJkbccEGunaIrIVhdeR2al7XAr wUPPhTgFM6gCgFcwQ3cQx0aIGAIL/AG757yXr2PRV0b3rK3E/gj7/MHQceL1Q==</latexit><latexit sha1_base64="OGzgiV0QgQf/5tWF7+wBxkUf77 4=">AAAB33icbZBLSwMxFIXv+Ky1anXrJliEuikzbnSpuHFZ0T6gHUomvW1DM5khuSOUoT/BjQtF/Ffu/Demj4W2Hgh8nJ OQe0+UKmnJ97+9jc2t7Z3dwl5xv3RweFQ+LjVtkhmBDZGoxLQjblFJjQ2SpLCdGuRxpLAVje9meesZjZWJfqJJimHMh1oOp ODkrMfq7UWvXPFr/lxsHYIlVGCpeq/81e0nIotRk1Dc2k7gpxTm3JAUCqfFbmYx5WLMh9hxqHmMNszno07ZuXP6bJAYdzS xufv7Rc5jaydx5G7GnEZ2NZuZ/2WdjAbXYS51mhFqsfhokClGCZvtzfrSoCA1ccCFkW5WJkbccEGunaIrIVhdeR2al7XAr wUPPhTgFM6gCgFcwQ3cQx0aIGAIL/AG757yXr2PRV0b3rK3E/gj7/MHQceL1Q==</latexit><latexit sha1_base64="92Xz/DJzFTVVbWs4OcFC/dVlwU M=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3Bno2XUxjKi+YDkCHubvWTJ3t6xOyeEIz/BxkIRW3+Rnf/GTXKFJj4YeL w3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdK hEKRtFKD9Xr83654tbcOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsb alkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6R1U fPcmnfvVuo3eRxFOIFTqIIHl1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBWy40m</latexit><latexit sha1_base64="cbYz1JnEbAXTGe6NJnkM6cWOic E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu /NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8 pAzaqz0ULk+65XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCt b0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r 3pu1bu/KNdu8jgKcAwnUAEPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYC40q</latexit><latexit sha1_base64="cbYz1JnEbAXTGe6NJnkM6cWOic E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu /NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8 pAzaqz0ULk+65XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCt b0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r 3pu1bu/KNdu8jgKcAwnUAEPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYC40q</latexit><latexit sha1_base64="cbYz1JnEbAXTGe6NJnkM6cWOic E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu /NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8 pAzaqz0ULk+65XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCt b0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r 3pu1bu/KNdu8jgKcAwnUAEPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYC40q</latexit><latexit sha1_base64="cbYz1JnEbAXTGe6NJnkM6cWOic E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu /NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8 pAzaqz0ULk+65XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCt b0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r 3pu1bu/KNdu8jgKcAwnUAEPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYC40q</latexit><latexit sha1_base64="cbYz1JnEbAXTGe6NJnkM6cWOic E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu /NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8 pAzaqz0ULk+65XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCt b0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r 3pu1bu/KNdu8jgKcAwnUAEPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYC40q</latexit><latexit sha1_base64="cbYz1JnEbAXTGe6NJnkM6cWOic E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu /NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8 pAzaqz0ULk+65XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCt b0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdI8r 3pu1bu/KNdu8jgKcAwnUAEPLqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYC40q</latexit>
(B)
<latexit sha1_base64="NrO1Hevw2XL1GbXO8MGJDq6J3XM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0 lE0GOpF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5X6Rb9UdqvuH GSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu 1bu/KtfqeRwFOIUzqIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFZkI0r</latexit><latexit sha1_base64="NrO1Hevw2XL1GbXO8MGJDq6J3XM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0 lE0GOpF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5X6Rb9UdqvuH GSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu 1bu/KtfqeRwFOIUzqIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFZkI0r</latexit><latexit sha1_base64="NrO1Hevw2XL1GbXO8MGJDq6J3XM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0 lE0GOpF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5X6Rb9UdqvuH GSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu 1bu/KtfqeRwFOIUzqIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFZkI0r</latexit><latexit sha1_base64="NrO1Hevw2XL1GbXO8MGJDq6J3XM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0 lE0GOpF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5X6Rb9UdqvuH GSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu 1bu/KtfqeRwFOIUzqIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFZkI0r</latexit>
(C)
<latexit sha1_base64="u5Vx66G0/+vsoWoKneFYVOTk1gQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GOxF48V7Qe 0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoNxfea3n1BpHstHM0nQj+hQ8pAzaqz0UKlf9Etlt+rOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB0 2Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6RRuCt/zyKmldVj236t1flWu3eRwFOIUzqIAH11CDO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AFbFY 0s</latexit><latexit sha1_base64="u5Vx66G0/+vsoWoKneFYVOTk1gQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GOxF48V7Qe 0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoNxfea3n1BpHstHM0nQj+hQ8pAzaqz0UKlf9Etlt+rOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB0 2Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6RRuCt/zyKmldVj236t1flWu3eRwFOIUzqIAH11CDO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AFbFY 0s</latexit><latexit sha1_base64="u5Vx66G0/+vsoWoKneFYVOTk1gQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GOxF48V7Qe 0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoNxfea3n1BpHstHM0nQj+hQ8pAzaqz0UKlf9Etlt+rOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB0 2Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6RRuCt/zyKmldVj236t1flWu3eRwFOIUzqIAH11CDO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AFbFY 0s</latexit><latexit sha1_base64="u5Vx66G0/+vsoWoKneFYVOTk1gQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GOxF48V7Qe 0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoNxfea3n1BpHstHM0nQj+hQ8pAzaqz0UKlf9Etlt+rOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB0 2Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6RRuCt/zyKmldVj236t1flWu3eRwFOIUzqIAH11CDO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AFbFY 0s</latexit>
(D)
<latexit sha1_base64="ljdLaRc5h3vR4hDrYRXKmJ2HpPs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GNRDx4r2g9 oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSQ+X2rFcqu1V3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxs+oMpwJ nBS7qcaEshEdYMdSSSPUfjY7dUJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCa/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdoQvMWXl0nzvOq5Ve/+oly7zuMowDGcQAU8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9cmo 0t</latexit><latexit sha1_base64="ljdLaRc5h3vR4hDrYRXKmJ2HpPs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GNRDx4r2g9 oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSQ+X2rFcqu1V3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxs+oMpwJ nBS7qcaEshEdYMdSSSPUfjY7dUJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCa/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdoQvMWXl0nzvOq5Ve/+oly7zuMowDGcQAU8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9cmo 0t</latexit><latexit sha1_base64="ljdLaRc5h3vR4hDrYRXKmJ2HpPs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GNRDx4r2g9 oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSQ+X2rFcqu1V3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxs+oMpwJ nBS7qcaEshEdYMdSSSPUfjY7dUJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCa/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdoQvMWXl0nzvOq5Ve/+oly7zuMowDGcQAU8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9cmo 0t</latexit><latexit sha1_base64="ljdLaRc5h3vR4hDrYRXKmJ2HpPs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GNRDx4r2g9 oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSQ+X2rFcqu1V3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxs+oMpwJ nBS7qcaEshEdYMdSSSPUfjY7dUJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCa/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdoQvMWXl0nzvOq5Ve/+oly7zuMowDGcQAU8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9cmo 0t</latexit>
0.829
0.701
0.678
0.605
0.834
0.583
0.564
0.43
⇤1
<latexit sha1_base64="fMps0UfaYdjBeCh GX65ALrdic/g=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7IRQY9FLx48VLC10i4lm822oU l2SbJCWforvHhQxKs/x5v/xrTdg7YOBIaZeeS9CVPBjfX9b6+0srq2vlHerGxt7+zuVfcP2ib JNGUtmohEd0JimOCKtSy3gnVSzYgMBXsIR9dT/+GJacMTdW/HKQskGSgec0qskx57ty4akT7u V2t+3Z8BLRNckBoUaParX70ooZlkylJBjOliP7VBTrTlVLBJpZcZlhI6IgPWdVQRyUyQzxaeo BOnRChOtHvKopn6eyIn0pixDF1SEjs0i95U/M/rZja+DHKu0swyRecfxZlANkHT61HENaNWjB 0hVHO3K6JDogm1rqOKKwEvnrxM2md17Nfx3XmtcVXUUYYjOIZTwHABDbiBJrSAgoRneIU3T3s v3rv3MY+WvGLmEP7A+/wBNW+QAQ==</latexit><latexit sha1_base64="fMps0UfaYdjBeCh GX65ALrdic/g=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7IRQY9FLx48VLC10i4lm822oU l2SbJCWforvHhQxKs/x5v/xrTdg7YOBIaZeeS9CVPBjfX9b6+0srq2vlHerGxt7+zuVfcP2ib JNGUtmohEd0JimOCKtSy3gnVSzYgMBXsIR9dT/+GJacMTdW/HKQskGSgec0qskx57ty4akT7u V2t+3Z8BLRNckBoUaParX70ooZlkylJBjOliP7VBTrTlVLBJpZcZlhI6IgPWdVQRyUyQzxaeo BOnRChOtHvKopn6eyIn0pixDF1SEjs0i95U/M/rZja+DHKu0swyRecfxZlANkHT61HENaNWjB 0hVHO3K6JDogm1rqOKKwEvnrxM2md17Nfx3XmtcVXUUYYjOIZTwHABDbiBJrSAgoRneIU3T3s v3rv3MY+WvGLmEP7A+/wBNW+QAQ==</latexit><latexit sha1_base64="fMps0UfaYdjBeCh GX65ALrdic/g=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7IRQY9FLx48VLC10i4lm822oU l2SbJCWforvHhQxKs/x5v/xrTdg7YOBIaZeeS9CVPBjfX9b6+0srq2vlHerGxt7+zuVfcP2ib JNGUtmohEd0JimOCKtSy3gnVSzYgMBXsIR9dT/+GJacMTdW/HKQskGSgec0qskx57ty4akT7u V2t+3Z8BLRNckBoUaParX70ooZlkylJBjOliP7VBTrTlVLBJpZcZlhI6IgPWdVQRyUyQzxaeo BOnRChOtHvKopn6eyIn0pixDF1SEjs0i95U/M/rZja+DHKu0swyRecfxZlANkHT61HENaNWjB 0hVHO3K6JDogm1rqOKKwEvnrxM2md17Nfx3XmtcVXUUYYjOIZTwHABDbiBJrSAgoRneIU3T3s v3rv3MY+WvGLmEP7A+/wBNW+QAQ==</latexit><latexit sha1_base64="fMps0UfaYdjBeCh GX65ALrdic/g=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7IRQY9FLx48VLC10i4lm822oU l2SbJCWforvHhQxKs/x5v/xrTdg7YOBIaZeeS9CVPBjfX9b6+0srq2vlHerGxt7+zuVfcP2ib JNGUtmohEd0JimOCKtSy3gnVSzYgMBXsIR9dT/+GJacMTdW/HKQskGSgec0qskx57ty4akT7u V2t+3Z8BLRNckBoUaParX70ooZlkylJBjOliP7VBTrTlVLBJpZcZlhI6IgPWdVQRyUyQzxaeo BOnRChOtHvKopn6eyIn0pixDF1SEjs0i95U/M/rZja+DHKu0swyRecfxZlANkHT61HENaNWjB 0hVHO3K6JDogm1rqOKKwEvnrxM2md17Nfx3XmtcVXUUYYjOIZTwHABDbiBJrSAgoRneIU3T3s v3rv3MY+WvGLmEP7A+/wBNW+QAQ==</latexit> ⇤2
<latexit sha1_base64="L5AOYs2W1NSTycU5 g0SXIyNG/QE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQZdFNy5cVLAPaYeSyWTa0CQzJ BmhDP0KNy4UcevnuPNvzLSz0NYDgcM555J7T5Bwpo3rfjultfWNza3ydmVnd2//oHp41NFxqght k5jHqhdgTTmTtG2Y4bSXKIpFwGk3mNzkfveJKs1i+WCmCfUFHkkWMYKNlR4HdzYa4mFjWK25dXc OtEq8gtSgQGtY/RqEMUkFlYZwrHXfcxPjZ1gZRjidVQappgkmEzyifUslFlT72XzhGTqzSoiiWN knDZqrvycyLLSeisAmBTZjvezl4n9ePzXRlZ8xmaSGSrL4KEo5MjHKr0chU5QYPrUEE8XsroiMs cLE2I4qtgRv+eRV0mnUPbfu3V/UmtdFHWU4gVM4Bw8uoQm30II2EBDwDK/w5ijnxXl3PhbRklPM HMMfOJ8/NvOQAg==</latexit><latexit sha1_base64="L5AOYs2W1NSTycU5 g0SXIyNG/QE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQZdFNy5cVLAPaYeSyWTa0CQzJ BmhDP0KNy4UcevnuPNvzLSz0NYDgcM555J7T5Bwpo3rfjultfWNza3ydmVnd2//oHp41NFxqght k5jHqhdgTTmTtG2Y4bSXKIpFwGk3mNzkfveJKs1i+WCmCfUFHkkWMYKNlR4HdzYa4mFjWK25dXc OtEq8gtSgQGtY/RqEMUkFlYZwrHXfcxPjZ1gZRjidVQappgkmEzyifUslFlT72XzhGTqzSoiiWN knDZqrvycyLLSeisAmBTZjvezl4n9ePzXRlZ8xmaSGSrL4KEo5MjHKr0chU5QYPrUEE8XsroiMs cLE2I4qtgRv+eRV0mnUPbfu3V/UmtdFHWU4gVM4Bw8uoQm30II2EBDwDK/w5ijnxXl3PhbRklPM HMMfOJ8/NvOQAg==</latexit><latexit sha1_base64="L5AOYs2W1NSTycU5 g0SXIyNG/QE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQZdFNy5cVLAPaYeSyWTa0CQzJ BmhDP0KNy4UcevnuPNvzLSz0NYDgcM555J7T5Bwpo3rfjultfWNza3ydmVnd2//oHp41NFxqght k5jHqhdgTTmTtG2Y4bSXKIpFwGk3mNzkfveJKs1i+WCmCfUFHkkWMYKNlR4HdzYa4mFjWK25dXc OtEq8gtSgQGtY/RqEMUkFlYZwrHXfcxPjZ1gZRjidVQappgkmEzyifUslFlT72XzhGTqzSoiiWN knDZqrvycyLLSeisAmBTZjvezl4n9ePzXRlZ8xmaSGSrL4KEo5MjHKr0chU5QYPrUEE8XsroiMs cLE2I4qtgRv+eRV0mnUPbfu3V/UmtdFHWU4gVM4Bw8uoQm30II2EBDwDK/w5ijnxXl3PhbRklPM HMMfOJ8/NvOQAg==</latexit><latexit sha1_base64="L5AOYs2W1NSTycU5 g0SXIyNG/QE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQZdFNy5cVLAPaYeSyWTa0CQzJ BmhDP0KNy4UcevnuPNvzLSz0NYDgcM555J7T5Bwpo3rfjultfWNza3ydmVnd2//oHp41NFxqght k5jHqhdgTTmTtG2Y4bSXKIpFwGk3mNzkfveJKs1i+WCmCfUFHkkWMYKNlR4HdzYa4mFjWK25dXc OtEq8gtSgQGtY/RqEMUkFlYZwrHXfcxPjZ1gZRjidVQappgkmEzyifUslFlT72XzhGTqzSoiiWN knDZqrvycyLLSeisAmBTZjvezl4n9ePzXRlZ8xmaSGSrL4KEo5MjHKr0chU5QYPrUEE8XsroiMs cLE2I4qtgRv+eRV0mnUPbfu3V/UmtdFHWU4gVM4Bw8uoQm30II2EBDwDK/w5ijnxXl3PhbRklPM HMMfOJ8/NvOQAg==</latexit>
Twirling 
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j   th
<latexit sha1_base64="IenqMFb pBvAFH0ci46HyaVAgHew=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4s SQi6LHoxWMF+wFtKJvtpl27m4TdiVBC/4IXD4p49Q9589+4aXPQ1gcDj/ dmmJkXJFIYdN1vZ2V1bX1js7RV3t7Z3duvHBy2TJxqxpsslrHuBNRwKS LeRIGSdxLNqQokbwfj29xvP3FtRBw94CThvqLDSISCUcylx3Mc9StVt+b OQJaJV5AqFGj0K1+9QcxSxSNkkhrT9dwE/YxqFEzyabmXGp5QNqZD3rU 0ooobP5vdOiWnVhmQMNa2IiQz9fdERpUxExXYTkVxZBa9XPzP66YYXvuZ iJIUecTmi8JUEoxJ/jgZCM0ZyokllGlhbyVsRDVlaOMp2xC8xZeXSeui 5rk17/6yWr8p4ijBMZzAGXhwBXW4gwY0gcEInuEV3hzlvDjvzse8dcUpZ o7gD5zPH9OBjhU=</latexit><latexit sha1_base64="IenqMFb pBvAFH0ci46HyaVAgHew=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4s SQi6LHoxWMF+wFtKJvtpl27m4TdiVBC/4IXD4p49Q9589+4aXPQ1gcDj/ dmmJkXJFIYdN1vZ2V1bX1js7RV3t7Z3duvHBy2TJxqxpsslrHuBNRwKS LeRIGSdxLNqQokbwfj29xvP3FtRBw94CThvqLDSISCUcylx3Mc9StVt+b OQJaJV5AqFGj0K1+9QcxSxSNkkhrT9dwE/YxqFEzyabmXGp5QNqZD3rU 0ooobP5vdOiWnVhmQMNa2IiQz9fdERpUxExXYTkVxZBa9XPzP66YYXvuZ iJIUecTmi8JUEoxJ/jgZCM0ZyokllGlhbyVsRDVlaOMp2xC8xZeXSeui 5rk17/6yWr8p4ijBMZzAGXhwBXW4gwY0gcEInuEV3hzlvDjvzse8dcUpZ o7gD5zPH9OBjhU=</latexit><latexit sha1_base64="IenqMFb pBvAFH0ci46HyaVAgHew=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4s SQi6LHoxWMF+wFtKJvtpl27m4TdiVBC/4IXD4p49Q9589+4aXPQ1gcDj/ dmmJkXJFIYdN1vZ2V1bX1js7RV3t7Z3duvHBy2TJxqxpsslrHuBNRwKS LeRIGSdxLNqQokbwfj29xvP3FtRBw94CThvqLDSISCUcylx3Mc9StVt+b OQJaJV5AqFGj0K1+9QcxSxSNkkhrT9dwE/YxqFEzyabmXGp5QNqZD3rU 0ooobP5vdOiWnVhmQMNa2IiQz9fdERpUxExXYTkVxZBa9XPzP66YYXvuZ iJIUecTmi8JUEoxJ/jgZCM0ZyokllGlhbyVsRDVlaOMp2xC8xZeXSeui 5rk17/6yWr8p4ijBMZzAGXhwBXW4gwY0gcEInuEV3hzlvDjvzse8dcUpZ o7gD5zPH9OBjhU=</latexit><latexit sha1_base64="IenqMFb pBvAFH0ci46HyaVAgHew=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4s SQi6LHoxWMF+wFtKJvtpl27m4TdiVBC/4IXD4p49Q9589+4aXPQ1gcDj/ dmmJkXJFIYdN1vZ2V1bX1js7RV3t7Z3duvHBy2TJxqxpsslrHuBNRwKS LeRIGSdxLNqQokbwfj29xvP3FtRBw94CThvqLDSISCUcylx3Mc9StVt+b OQJaJV5AqFGj0K1+9QcxSxSNkkhrT9dwE/YxqFEzyabmXGp5QNqZD3rU 0ooobP5vdOiWnVhmQMNa2IiQz9fdERpUxExXYTkVxZBa9XPzP66YYXvuZ iJIUecTmi8JUEoxJ/jgZCM0ZyokllGlhbyVsRDVlaOMp2xC8xZeXSeui 5rk17/6yWr8p4ijBMZzAGXhwBXW4gwY0gcEInuEV3hzlvDjvzse8dcUpZ o7gD5zPH9OBjhU=</latexit>
|0i
<latexit sha1_base64="Q1E2OBo/B oTO6TLV+u7vdeqLqis=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY xnBJEpyhL3NXLJkd+/Y3RNCzK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvSgU31ve /vcLK6tr6RnGztLW9s7tX3j9omiTTDBssEYm+j6hBwRU2LLcC71ONVEYCW9Hwe uq3HlEbnqg7O0oxlLSveMwZtU56ePI7mqq+wG654lf9GcgyCXJSgRz1bvmr00 tYJlFZJqgx7cBPbTim2nImcFLqZAZTyoa0j21HFZVowvHs4Ak5cUqPxIl2pSyZ qb8nxlQaM5KR65TUDsyiNxX/89qZjS/DMVdpZlGx+aI4E8QmZPo96XGNzIqRI5 Rp7m4lbEA1ZdZlVHIhBIsvL5PmWTXwq8HteaV2lcdRhCM4hlMI4AJqcAN1aAAD Cc/wCm+e9l68d+9j3lrw8plD+APv8we1KZBV</latexit><latexit sha1_base64="Q1E2OBo/B oTO6TLV+u7vdeqLqis=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY xnBJEpyhL3NXLJkd+/Y3RNCzK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvSgU31ve /vcLK6tr6RnGztLW9s7tX3j9omiTTDBssEYm+j6hBwRU2LLcC71ONVEYCW9Hwe uq3HlEbnqg7O0oxlLSveMwZtU56ePI7mqq+wG654lf9GcgyCXJSgRz1bvmr00 tYJlFZJqgx7cBPbTim2nImcFLqZAZTyoa0j21HFZVowvHs4Ak5cUqPxIl2pSyZ qb8nxlQaM5KR65TUDsyiNxX/89qZjS/DMVdpZlGx+aI4E8QmZPo96XGNzIqRI5 Rp7m4lbEA1ZdZlVHIhBIsvL5PmWTXwq8HteaV2lcdRhCM4hlMI4AJqcAN1aAAD Cc/wCm+e9l68d+9j3lrw8plD+APv8we1KZBV</latexit><latexit sha1_base64="Q1E2OBo/B oTO6TLV+u7vdeqLqis=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY xnBJEpyhL3NXLJkd+/Y3RNCzK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvSgU31ve /vcLK6tr6RnGztLW9s7tX3j9omiTTDBssEYm+j6hBwRU2LLcC71ONVEYCW9Hwe uq3HlEbnqg7O0oxlLSveMwZtU56ePI7mqq+wG654lf9GcgyCXJSgRz1bvmr00 tYJlFZJqgx7cBPbTim2nImcFLqZAZTyoa0j21HFZVowvHs4Ak5cUqPxIl2pSyZ qb8nxlQaM5KR65TUDsyiNxX/89qZjS/DMVdpZlGx+aI4E8QmZPo96XGNzIqRI5 Rp7m4lbEA1ZdZlVHIhBIsvL5PmWTXwq8HteaV2lcdRhCM4hlMI4AJqcAN1aAAD Cc/wCm+e9l68d+9j3lrw8plD+APv8we1KZBV</latexit><latexit sha1_base64="Q1E2OBo/B oTO6TLV+u7vdeqLqis=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY xnBJEpyhL3NXLJkd+/Y3RNCzK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvSgU31ve /vcLK6tr6RnGztLW9s7tX3j9omiTTDBssEYm+j6hBwRU2LLcC71ONVEYCW9Hwe uq3HlEbnqg7O0oxlLSveMwZtU56ePI7mqq+wG654lf9GcgyCXJSgRz1bvmr00 tYJlFZJqgx7cBPbTim2nImcFLqZAZTyoa0j21HFZVowvHs4Ak5cUqPxIl2pSyZ qb8nxlQaM5KR65TUDsyiNxX/89qZjS/DMVdpZlGx+aI4E8QmZPo96XGNzIqRI5 Rp7m4lbEA1ZdZlVHIhBIsvL5PmWTXwq8HteaV2lcdRhCM4hlMI4AJqcAN1aAAD Cc/wCm+e9l68d+9j3lrw8plD+APv8we1KZBV</latexit>
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j 1
<latexit sha1_base64="zajjK1DoDt/qOKm4rqjYwR Sn4yU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbIrgh6LXjy2YD9guy3ZNNvGZpMlmRXK0p/hxYMiXv013vw3 pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2O72Z+ +4lpw5V8gEnCgpgMJY84JWAlv9HLLnvZ44U3nfbLFbfqzoFXiZeTCspR75e/ugNF05hJoIIY43tuAkFGNHAq2LTU TQ1LCB2TIfMtlSRmJsjmJ0/xmVUGOFLalgQ8V39PZCQ2ZhKHtjMmMDLL3kz8z/NTiG6CjMskBSbpYlGUCgwKz/7H A64ZBTGxhFDN7a2YjogmFGxKJRuCt/zyKmldVj236jWuKrXbPI4iOkGn6Bx56BrV0D2qoyaiSKFn9IreHHBenHfn Y9FacPKZY/QHzucPt7eQ3w==</latexit><latexit sha1_base64="zajjK1DoDt/qOKm4rqjYwR Sn4yU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbIrgh6LXjy2YD9guy3ZNNvGZpMlmRXK0p/hxYMiXv013vw3 pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2O72Z+ +4lpw5V8gEnCgpgMJY84JWAlv9HLLnvZ44U3nfbLFbfqzoFXiZeTCspR75e/ugNF05hJoIIY43tuAkFGNHAq2LTU TQ1LCB2TIfMtlSRmJsjmJ0/xmVUGOFLalgQ8V39PZCQ2ZhKHtjMmMDLL3kz8z/NTiG6CjMskBSbpYlGUCgwKz/7H A64ZBTGxhFDN7a2YjogmFGxKJRuCt/zyKmldVj236jWuKrXbPI4iOkGn6Bx56BrV0D2qoyaiSKFn9IreHHBenHfn Y9FacPKZY/QHzucPt7eQ3w==</latexit><latexit sha1_base64="zajjK1DoDt/qOKm4rqjYwR Sn4yU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbIrgh6LXjy2YD9guy3ZNNvGZpMlmRXK0p/hxYMiXv013vw3 pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2O72Z+ +4lpw5V8gEnCgpgMJY84JWAlv9HLLnvZ44U3nfbLFbfqzoFXiZeTCspR75e/ugNF05hJoIIY43tuAkFGNHAq2LTU TQ1LCB2TIfMtlSRmJsjmJ0/xmVUGOFLalgQ8V39PZCQ2ZhKHtjMmMDLL3kz8z/NTiG6CjMskBSbpYlGUCgwKz/7H A64ZBTGxhFDN7a2YjogmFGxKJRuCt/zyKmldVj236jWuKrXbPI4iOkGn6Bx56BrV0D2qoyaiSKFn9IreHHBenHfn Y9FacPKZY/QHzucPt7eQ3w==</latexit><latexit sha1_base64="zajjK1DoDt/qOKm4rqjYwR Sn4yU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbIrgh6LXjy2YD9guy3ZNNvGZpMlmRXK0p/hxYMiXv013vw3 pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2O72Z+ +4lpw5V8gEnCgpgMJY84JWAlv9HLLnvZ44U3nfbLFbfqzoFXiZeTCspR75e/ugNF05hJoIIY43tuAkFGNHAq2LTU TQ1LCB2TIfMtlSRmJsjmJ0/xmVUGOFLalgQ8V39PZCQ2ZhKHtjMmMDLL3kz8z/NTiG6CjMskBSbpYlGUCgwKz/7H A64ZBTGxhFDN7a2YjogmFGxKJRuCt/zyKmldVj236jWuKrXbPI4iOkGn6Bx56BrV0D2qoyaiSKFn9IreHHBenHfn Y9FacPKZY/QHzucPt7eQ3w==</latexit>
A|0i
<latexit sha1_base64="/JaTTJhHSD5 mbzH9+cGzMNvBxcM=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuqG5cV7A OaUCbTm3boZBJmJkKNxV9x40IRt/6HO//GSZuFth4YOJxzL/fMCRLOlHacb6u0tLy yulZer2xsbm3v2Lt7LRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2MrnO/fQ9SsVjc 6XECfkQGgoWMEm2knn3gRUQPKeHZ5eTR8SQRAw49u+rUnCnwInELUkUFGj37y+vHNI 1AaMqJUl3XSbSfEakZ5TCpeKmChNARGUDXUEEiUH42TT/Bx0bp4zCW5gmNp+rvjYx ESo2jwEzmWdW8l4v/ed1Uhxd+xkSSahB0dihMOdYxzqvAfSaBaj42hFDJTFZMh0QS qk1hFVOCO//lRdI6rblOzb09q9avijrK6BAdoRPkonNURzeogZqIogf0jF7Rm/Vkv Vjv1sdstGQVO/voD6zPH7sMlWM=</latexit><latexit sha1_base64="/JaTTJhHSD5 mbzH9+cGzMNvBxcM=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuqG5cV7A OaUCbTm3boZBJmJkKNxV9x40IRt/6HO//GSZuFth4YOJxzL/fMCRLOlHacb6u0tLy yulZer2xsbm3v2Lt7LRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2MrnO/fQ9SsVjc 6XECfkQGgoWMEm2knn3gRUQPKeHZ5eTR8SQRAw49u+rUnCnwInELUkUFGj37y+vHNI 1AaMqJUl3XSbSfEakZ5TCpeKmChNARGUDXUEEiUH42TT/Bx0bp4zCW5gmNp+rvjYx ESo2jwEzmWdW8l4v/ed1Uhxd+xkSSahB0dihMOdYxzqvAfSaBaj42hFDJTFZMh0QS qk1hFVOCO//lRdI6rblOzb09q9avijrK6BAdoRPkonNURzeogZqIogf0jF7Rm/Vkv Vjv1sdstGQVO/voD6zPH7sMlWM=</latexit><latexit sha1_base64="/JaTTJhHSD5 mbzH9+cGzMNvBxcM=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuqG5cV7A OaUCbTm3boZBJmJkKNxV9x40IRt/6HO//GSZuFth4YOJxzL/fMCRLOlHacb6u0tLy yulZer2xsbm3v2Lt7LRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2MrnO/fQ9SsVjc 6XECfkQGgoWMEm2knn3gRUQPKeHZ5eTR8SQRAw49u+rUnCnwInELUkUFGj37y+vHNI 1AaMqJUl3XSbSfEakZ5TCpeKmChNARGUDXUEEiUH42TT/Bx0bp4zCW5gmNp+rvjYx ESo2jwEzmWdW8l4v/ed1Uhxd+xkSSahB0dihMOdYxzqvAfSaBaj42hFDJTFZMh0QS qk1hFVOCO//lRdI6rblOzb09q9avijrK6BAdoRPkonNURzeogZqIogf0jF7Rm/Vkv Vjv1sdstGQVO/voD6zPH7sMlWM=</latexit><latexit sha1_base64="/JaTTJhHSD5 mbzH9+cGzMNvBxcM=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuqG5cV7A OaUCbTm3boZBJmJkKNxV9x40IRt/6HO//GSZuFth4YOJxzL/fMCRLOlHacb6u0tLy yulZer2xsbm3v2Lt7LRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2MrnO/fQ9SsVjc 6XECfkQGgoWMEm2knn3gRUQPKeHZ5eTR8SQRAw49u+rUnCnwInELUkUFGj37y+vHNI 1AaMqJUl3XSbSfEakZ5TCpeKmChNARGUDXUEEiUH42TT/Bx0bp4zCW5gmNp+rvjYx ESo2jwEzmWdW8l4v/ed1Uhxd+xkSSahB0dihMOdYxzqvAfSaBaj42hFDJTFZMh0QS qk1hFVOCO//lRdI6rblOzb09q9avijrK6BAdoRPkonNURzeogZqIogf0jF7Rm/Vkv Vjv1sdstGQVO/voD6zPH7sMlWM=</latexit> Ry(k✓)
<latexit sha1_base64="BeHcz9OvMl1bb7sRHqGZI4w+gLs=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYh6QrGF2MpsMmX0w06ssS/7 DiwdFvPov3vwbJ8keNLGgoajqprvLi6XQaNvfVmFldW19o7hZ2tre2d0r7x+0dJQoxpsskpHqeFRzKULeRIGSd2LFaeBJ3vbG11O//ciVFlF4j2nM3YAOQ+ELRtFID3f9LJ1Uxz0ccaSn/XLFrtkzkGXi5KQCORr98ldvELEk4CEySbXuOnaMbkYVCib5pNRLNI8pG9Mh7xoa0oBrN5tdPSEnRhkQP1KmQiQz9fdERgOt0 8AznQHFkV70puJ/XjdB/9LNRBgnyEM2X+QnkmBEphGQgVCcoUwNoUwJcythI6ooQxNUyYTgLL68TFpnNceuObfnlfpVHkcRjuAYquDABdThBhrQBAYKnuEV3qwn68V6tz7mrQUrnzmEP7A+fwBCFpJW</latexit><latexit sha1_base64="BeHcz9OvMl1bb7sRHqGZI4w+gLs=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYh6QrGF2MpsMmX0w06ssS/7 DiwdFvPov3vwbJ8keNLGgoajqprvLi6XQaNvfVmFldW19o7hZ2tre2d0r7x+0dJQoxpsskpHqeFRzKULeRIGSd2LFaeBJ3vbG11O//ciVFlF4j2nM3YAOQ+ELRtFID3f9LJ1Uxz0ccaSn/XLFrtkzkGXi5KQCORr98ldvELEk4CEySbXuOnaMbkYVCib5pNRLNI8pG9Mh7xoa0oBrN5tdPSEnRhkQP1KmQiQz9fdERgOt0 8AznQHFkV70puJ/XjdB/9LNRBgnyEM2X+QnkmBEphGQgVCcoUwNoUwJcythI6ooQxNUyYTgLL68TFpnNceuObfnlfpVHkcRjuAYquDABdThBhrQBAYKnuEV3qwn68V6tz7mrQUrnzmEP7A+fwBCFpJW</latexit><latexit sha1_base64="BeHcz9OvMl1bb7sRHqGZI4w+gLs=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYh6QrGF2MpsMmX0w06ssS/7 DiwdFvPov3vwbJ8keNLGgoajqprvLi6XQaNvfVmFldW19o7hZ2tre2d0r7x+0dJQoxpsskpHqeFRzKULeRIGSd2LFaeBJ3vbG11O//ciVFlF4j2nM3YAOQ+ELRtFID3f9LJ1Uxz0ccaSn/XLFrtkzkGXi5KQCORr98ldvELEk4CEySbXuOnaMbkYVCib5pNRLNI8pG9Mh7xoa0oBrN5tdPSEnRhkQP1KmQiQz9fdERgOt0 8AznQHFkV70puJ/XjdB/9LNRBgnyEM2X+QnkmBEphGQgVCcoUwNoUwJcythI6ooQxNUyYTgLL68TFpnNceuObfnlfpVHkcRjuAYquDABdThBhrQBAYKnuEV3qwn68V6tz7mrQUrnzmEP7A+fwBCFpJW</latexit><latexit sha1_base64="BeHcz9OvMl1bb7sRHqGZI4w+gLs=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYh6QrGF2MpsMmX0w06ssS/7 DiwdFvPov3vwbJ8keNLGgoajqprvLi6XQaNvfVmFldW19o7hZ2tre2d0r7x+0dJQoxpsskpHqeFRzKULeRIGSd2LFaeBJ3vbG11O//ciVFlF4j2nM3YAOQ+ELRtFID3f9LJ1Uxz0ccaSn/XLFrtkzkGXi5KQCORr98ldvELEk4CEySbXuOnaMbkYVCib5pNRLNI8pG9Mh7xoa0oBrN5tdPSEnRhkQP1KmQiQz9fdERgOt0 8AznQHFkV70puJ/XjdB/9LNRBgnyEM2X+QnkmBEphGQgVCcoUwNoUwJcythI6ooQxNUyYTgLL68TFpnNceuObfnlfpVHkcRjuAYquDABdThBhrQBAYKnuEV3qwn68V6tz7mrQUrnzmEP7A+fwBCFpJW</latexit>
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Fig. 4. The dynamics in the QAE algorithm is composed of three steps, i) QFT, ii) QAA, and iii) inverse QFT. Note that an ancilla qubit is prepared
as A|0〉 = √1− p|0〉 + √p|1〉. In the simulation with 8 qubits, we have put p = 0.3, and then the QAE algorithm aims to estimate the value p
from measurement outcomes. In (C) and (D), the maximum peaks are centered at p˜ = 0.2974. The quantum pre-processing is applied before a
measurement, after which the classical post-processing is performed with measurement outcomes. (A) The QAA algorithm is structured by a series
of Qk for k = 2j−1 where j = 1, · · · , n. Recall that θ0 = 2 sin−1(√p), see also Eq. (19), from which we have θ0 ≈ 1.1593. It also holds that
A = Ry(θ0) and Q = Ry(2θ0). The gate Qk can be implemented by two rotations, Ry(kθ) and its inverse R†y(kθ), with two CNOT gates. (B) It
is supposed that qubits in the first or both the first and the second registers suffer noise ΛY [·] = 0.7id(·) + 0.3Y (·)Y , see Fig. 1. In the quantum
pre-processing, the channel-twirl is performed with three unitaries, see Eq. (13). (C) The peaks are centered at p˜ = 0.2974 close to p = 0.3. In
the ideal case (blue), the probability of having p˜ = 0.2974 is 0.829. By a probabilistic Y -noise in the first qubit, described by Λ1, the probability
gets down to 0.605 (red). By the quantum pre-processing only, it increases up to 0.678 (violet). Finally, classical post-processing makes it up to
0.701 (orange) with η = 0.1. (D) When the first and both detectors are noisy by Λ1 and Λ2, the collective channel-twirl is applied as the quantum
pre-processing, and then the classical post-processing are applied collectively on the both registers. It is shown that mitigation of noise in detectors
can enhance the statistics of measurement outcomes.
A quantum circuit for the QAE algorithm with 8 qubits
is shown in Fig. 4. The 8-qubit circuit finds p˜ = 0.2974 for
p = 0.3 encoded by A.
5 APPLICATIONS TO IBM QUANTUM COMPUTERS
The proposed scheme of error mitigation in a quantum
measurement is applied to IBM Q devices. The goal is find
if the proposed scheme works to mitigate measurement
errors in IBM Q devices. Note that measurement errors in
IBM quantum devices are within the range 2-10% whereas
single-qubit gates are with errors around 0.1%. One may
expect the possibility that single-qubit gates in the proposed
scheme together with the classical post-processing would be
used to mitigate measurement errors.
To make it clear when one can expect the proposed
scheme is effective, we briefly summarize the four as-
sumptions addressed when the scheme is devised. From
Assumption 1, a measurement on single qubits is complete.
In Assumption 2, it is supposed that errors in measurement
readout is dominated by noise on a state right before a
detector, but not a detector itself. Hence, the quantum pre-
processing aims to manipulate a noisy channel on states.
Assumption 3 considers that the effect of crosstalk in de-
tection events is much smaller than other errors. Hence, the
collective channel-twirl in Eq. (14) can be applied to twirling
single-qubit channels. Then, Assumption 4 asserts that noise
on qubits right before a detector is well approximated by a
Pauli channel. Under the assumptions, it is confirmed by nu-
merical simulation in a Qiskit simulator, that the proposed
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0.842
0.823
0.811
(D)
<latexit sha1_base64="ljdLaRc5h3vR4hDrYRXKmJ2HpPs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GNRDx4r2g9oQ9lsJ+3SzSbsboQS+hO8eF DEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSQ+X2rFcqu1V3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMdSSSPUfjY7dUJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqp Ca/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdoQvMWXl0nzvOq5Ve/+oly7zuMowDGcQAU8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9cmo0t</latexit><latexit sha1_base64="ljdLaRc5h3vR4hDrYRXKmJ2HpPs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GNRDx4r2g9oQ9lsJ+3SzSbsboQS+hO8eF DEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSQ+X2rFcqu1V3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMdSSSPUfjY7dUJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqp Ca/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdoQvMWXl0nzvOq5Ve/+oly7zuMowDGcQAU8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9cmo0t</latexit><latexit sha1_base64="ljdLaRc5h3vR4hDrYRXKmJ2HpPs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GNRDx4r2g9oQ9lsJ+3SzSbsboQS+hO8eF DEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSQ+X2rFcqu1V3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMdSSSPUfjY7dUJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqp Ca/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdoQvMWXl0nzvOq5Ve/+oly7zuMowDGcQAU8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9cmo0t</latexit><latexit sha1_base64="ljdLaRc5h3vR4hDrYRXKmJ2HpPs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GNRDx4r2g9oQ9lsJ+3SzSbsboQS+hO8eF DEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSQ+X2rFcqu1V3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMdSSSPUfjY7dUJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqp Ca/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdoQvMWXl0nzvOq5Ve/+oly7zuMowDGcQAU8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9cmo0t</latexit>
IBMQ yorktown
<latexit sha1_base64="/ntfI32IAzew OxM+ws8wcaMD0GI=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KokIuix1owuhBfuAJp TJZNIOncyEmYkSQt268VfcuFDErV/gzr9x0mahrQcuHM65l3vv8WNKpLLtb6O0tLyyul Zer2xsbm3vmLt7HckTgXAbccpFz4cSU8JwWxFFcS8WGEY+xV1/fJn73TssJOHsVqUx9i I4ZCQkCCotDcxDN4JqJKLsunHTchMWYOFDkT1MUi7Git+zycCs2jV7CmuROAWpggLNgf nlBhwlEWYKUShl37Fj5WVQKIIonlTcROIYojEc4r6mDEZYetn0lYl1rJXACrnQxZQ1VX 9PZDCSMo183ZkfLue9XPzP6ycqvPAywuJEYYZmi8KEWopbeS5WQARGiqaaQCSIvtVCIy ggUjq9ig7BmX95kXROa45dc1pn1XqjiKMMDsAROAEOOAd1cAWaoA0QeATP4BW8GU/Gi/ FufMxaS0Yxsw/+wPj8AepAm60=</latexit><latexit sha1_base64="/ntfI32IAzew OxM+ws8wcaMD0GI=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KokIuix1owuhBfuAJp TJZNIOncyEmYkSQt268VfcuFDErV/gzr9x0mahrQcuHM65l3vv8WNKpLLtb6O0tLyyul Zer2xsbm3vmLt7HckTgXAbccpFz4cSU8JwWxFFcS8WGEY+xV1/fJn73TssJOHsVqUx9i I4ZCQkCCotDcxDN4JqJKLsunHTchMWYOFDkT1MUi7Git+zycCs2jV7CmuROAWpggLNgf nlBhwlEWYKUShl37Fj5WVQKIIonlTcROIYojEc4r6mDEZYetn0lYl1rJXACrnQxZQ1VX 9PZDCSMo183ZkfLue9XPzP6ycqvPAywuJEYYZmi8KEWopbeS5WQARGiqaaQCSIvtVCIy ggUjq9ig7BmX95kXROa45dc1pn1XqjiKMMDsAROAEOOAd1cAWaoA0QeATP4BW8GU/Gi/ FufMxaS0Yxsw/+wPj8AepAm60=</latexit><latexit sha1_base64="/ntfI32IAzew OxM+ws8wcaMD0GI=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KokIuix1owuhBfuAJp TJZNIOncyEmYkSQt268VfcuFDErV/gzr9x0mahrQcuHM65l3vv8WNKpLLtb6O0tLyyul Zer2xsbm3vmLt7HckTgXAbccpFz4cSU8JwWxFFcS8WGEY+xV1/fJn73TssJOHsVqUx9i I4ZCQkCCotDcxDN4JqJKLsunHTchMWYOFDkT1MUi7Git+zycCs2jV7CmuROAWpggLNgf nlBhwlEWYKUShl37Fj5WVQKIIonlTcROIYojEc4r6mDEZYetn0lYl1rJXACrnQxZQ1VX 9PZDCSMo183ZkfLue9XPzP6ycqvPAywuJEYYZmi8KEWopbeS5WQARGiqaaQCSIvtVCIy ggUjq9ig7BmX95kXROa45dc1pn1XqjiKMMDsAROAEOOAd1cAWaoA0QeATP4BW8GU/Gi/ FufMxaS0Yxsw/+wPj8AepAm60=</latexit><latexit sha1_base64="/ntfI32IAzew OxM+ws8wcaMD0GI=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KokIuix1owuhBfuAJp TJZNIOncyEmYkSQt268VfcuFDErV/gzr9x0mahrQcuHM65l3vv8WNKpLLtb6O0tLyyul Zer2xsbm3vmLt7HckTgXAbccpFz4cSU8JwWxFFcS8WGEY+xV1/fJn73TssJOHsVqUx9i I4ZCQkCCotDcxDN4JqJKLsunHTchMWYOFDkT1MUi7Git+zycCs2jV7CmuROAWpggLNgf nlBhwlEWYKUShl37Fj5WVQKIIonlTcROIYojEc4r6mDEZYetn0lYl1rJXACrnQxZQ1VX 9PZDCSMo183ZkfLue9XPzP6ycqvPAywuJEYYZmi8KEWopbeS5WQARGiqaaQCSIvtVCIy ggUjq9ig7BmX95kXROa45dc1pn1XqjiKMMDsAROAEOOAd1cAWaoA0QeATP4BW8GU/Gi/ FufMxaS0Yxsw/+wPj8AepAm60=</latexit>
(Y )
<latexit sha1_ base64="6ZrGi9z9UoT4om7Dbp yLyfpG550=">AAAB6nicbVBNS8 NAEJ34WetX1aOXxSLUS0lE0GPR i8eK9kPaUDbbTbt0swm7E6GE/g QvHhTx6i/y5r9x2+agrQ8GHu/N MDMvSKQw6Lrfzsrq2vrGZmGruL 2zu7dfOjhsmjjVjDdYLGPdDqjh UijeQIGStxPNaRRI3gpGN1O/9c S1EbF6wHHC/YgOlAgFo2il+8rj Wa9UdqvuDGSZeDkpQ456r/TV7c csjbhCJqkxHc9N0M+oRsEknxS7 qeEJZSM64B1LFY248bPZqRNyap U+CWNtSyGZqb8nMhoZM44C2xlR HJpFbyr+53VSDK/8TKgkRa7YfF GYSoIxmf5N+kJzhnJsCWVa2FsJ G1JNGdp0ijYEb/HlZdI8r3pu1b u7KNeu8zgKcAwnUAEPLqEGt1CH BjAYwDO8wpsjnRfn3fmYt644+cw R/IHz+QN8g41C</latexit><latexit sha1_ base64="6ZrGi9z9UoT4om7Dbp yLyfpG550=">AAAB6nicbVBNS8 NAEJ34WetX1aOXxSLUS0lE0GPR i8eK9kPaUDbbTbt0swm7E6GE/g QvHhTx6i/y5r9x2+agrQ8GHu/N MDMvSKQw6Lrfzsrq2vrGZmGruL 2zu7dfOjhsmjjVjDdYLGPdDqjh UijeQIGStxPNaRRI3gpGN1O/9c S1EbF6wHHC/YgOlAgFo2il+8rj Wa9UdqvuDGSZeDkpQ456r/TV7c csjbhCJqkxHc9N0M+oRsEknxS7 qeEJZSM64B1LFY248bPZqRNyap U+CWNtSyGZqb8nMhoZM44C2xlR HJpFbyr+53VSDK/8TKgkRa7YfF GYSoIxmf5N+kJzhnJsCWVa2FsJ G1JNGdp0ijYEb/HlZdI8r3pu1b u7KNeu8zgKcAwnUAEPLqEGt1CH BjAYwDO8wpsjnRfn3fmYt644+cw R/IHz+QN8g41C</latexit><latexit sha1_ base64="6ZrGi9z9UoT4om7Dbp yLyfpG550=">AAAB6nicbVBNS8 NAEJ34WetX1aOXxSLUS0lE0GPR i8eK9kPaUDbbTbt0swm7E6GE/g QvHhTx6i/y5r9x2+agrQ8GHu/N MDMvSKQw6Lrfzsrq2vrGZmGruL 2zu7dfOjhsmjjVjDdYLGPdDqjh UijeQIGStxPNaRRI3gpGN1O/9c S1EbF6wHHC/YgOlAgFo2il+8rj Wa9UdqvuDGSZeDkpQ456r/TV7c csjbhCJqkxHc9N0M+oRsEknxS7 qeEJZSM64B1LFY248bPZqRNyap U+CWNtSyGZqb8nMhoZM44C2xlR HJpFbyr+53VSDK/8TKgkRa7YfF GYSoIxmf5N+kJzhnJsCWVa2FsJ G1JNGdp0ijYEb/HlZdI8r3pu1b u7KNeu8zgKcAwnUAEPLqEGt1CH BjAYwDO8wpsjnRfn3fmYt644+cw R/IHz+QN8g41C</latexit><latexit sha1_ base64="6ZrGi9z9UoT4om7Dbp yLyfpG550=">AAAB6nicbVBNS8 NAEJ34WetX1aOXxSLUS0lE0GPR i8eK9kPaUDbbTbt0swm7E6GE/g QvHhTx6i/y5r9x2+agrQ8GHu/N MDMvSKQw6Lrfzsrq2vrGZmGruL 2zu7dfOjhsmjjVjDdYLGPdDqjh UijeQIGStxPNaRRI3gpGN1O/9c S1EbF6wHHC/YgOlAgFo2il+8rj Wa9UdqvuDGSZeDkpQ456r/TV7c csjbhCJqkxHc9N0M+oRsEknxS7 qeEJZSM64B1LFY248bPZqRNyap U+CWNtSyGZqb8nMhoZM44C2xlR HJpFbyr+53VSDK/8TKgkRa7YfF GYSoIxmf5N+kJzhnJsCWVa2FsJ G1JNGdp0ijYEb/HlZdI8r3pu1b u7KNeu8zgKcAwnUAEPLqEGt1CH BjAYwDO8wpsjnRfn3fmYt644+cw R/IHz+QN8g41C</latexit>
IBMQ essex
<latexit sha1_base64="CyXG+KqWL0YwPeYf7r0epqN/pi0=">AAACB3icbVBNS8NA EN3Ur1q/qh4FWSyCp5KIoMdSL3oQWrAf0Iay2UzapZtN2N2IJdSTF/+KFw+KePUvePPfuG1z0NYHA4/3ZpiZ58WcKW3b31ZuaXlldS2/XtjY3NreKe7uNVWUSAoNGvFItj2igD MBDc00h3YsgYQeh5Y3vJz4rTuQikXiVo9icEPSFyxglGgj9YqH3ZDogQzT6+pNvZsIH6RHZPowBqXgftwrluyyPQVeJE5GSihDrVf86voRTUIQmnKiVMexY+2mRGpGOYwL3URB TOiQ9KFjqCAhKDed/jHGx0bxcRBJU0Ljqfp7IiWhUqPQM52Tq9W8NxH/8zqJDi7clIk40SDobFGQcKwjPAkF+0wC1XxkCKGSmVsxHRBJqDbRFUwIzvzLi6R5WnbsslM/K1WqWR x5dICO0Aly0DmqoCtUQw1E0SN6Rq/ozXqyXqx362PWmrOymX30B9bnDzaamio=</latexit><latexit sha1_base64="CyXG+KqWL0YwPeYf7r0epqN/pi0=">AAACB3icbVBNS8NA EN3Ur1q/qh4FWSyCp5KIoMdSL3oQWrAf0Iay2UzapZtN2N2IJdSTF/+KFw+KePUvePPfuG1z0NYHA4/3ZpiZ58WcKW3b31ZuaXlldS2/XtjY3NreKe7uNVWUSAoNGvFItj2igD MBDc00h3YsgYQeh5Y3vJz4rTuQikXiVo9icEPSFyxglGgj9YqH3ZDogQzT6+pNvZsIH6RHZPowBqXgftwrluyyPQVeJE5GSihDrVf86voRTUIQmnKiVMexY+2mRGpGOYwL3URB TOiQ9KFjqCAhKDed/jHGx0bxcRBJU0Ljqfp7IiWhUqPQM52Tq9W8NxH/8zqJDi7clIk40SDobFGQcKwjPAkF+0wC1XxkCKGSmVsxHRBJqDbRFUwIzvzLi6R5WnbsslM/K1WqWR x5dICO0Aly0DmqoCtUQw1E0SN6Rq/ozXqyXqx362PWmrOymX30B9bnDzaamio=</latexit><latexit sha1_base64="CyXG+KqWL0YwPeYf7r0epqN/pi0=">AAACB3icbVBNS8NA EN3Ur1q/qh4FWSyCp5KIoMdSL3oQWrAf0Iay2UzapZtN2N2IJdSTF/+KFw+KePUvePPfuG1z0NYHA4/3ZpiZ58WcKW3b31ZuaXlldS2/XtjY3NreKe7uNVWUSAoNGvFItj2igD MBDc00h3YsgYQeh5Y3vJz4rTuQikXiVo9icEPSFyxglGgj9YqH3ZDogQzT6+pNvZsIH6RHZPowBqXgftwrluyyPQVeJE5GSihDrVf86voRTUIQmnKiVMexY+2mRGpGOYwL3URB TOiQ9KFjqCAhKDed/jHGx0bxcRBJU0Ljqfp7IiWhUqPQM52Tq9W8NxH/8zqJDi7clIk40SDobFGQcKwjPAkF+0wC1XxkCKGSmVsxHRBJqDbRFUwIzvzLi6R5WnbsslM/K1WqWR x5dICO0Aly0DmqoCtUQw1E0SN6Rq/ozXqyXqx362PWmrOymX30B9bnDzaamio=</latexit><latexit sha1_base64="CyXG+KqWL0YwPeYf7r0epqN/pi0=">AAACB3icbVBNS8NA EN3Ur1q/qh4FWSyCp5KIoMdSL3oQWrAf0Iay2UzapZtN2N2IJdSTF/+KFw+KePUvePPfuG1z0NYHA4/3ZpiZ58WcKW3b31ZuaXlldS2/XtjY3NreKe7uNVWUSAoNGvFItj2igD MBDc00h3YsgYQeh5Y3vJz4rTuQikXiVo9icEPSFyxglGgj9YqH3ZDogQzT6+pNvZsIH6RHZPowBqXgftwrluyyPQVeJE5GSihDrVf86voRTUIQmnKiVMexY+2mRGpGOYwL3URB TOiQ9KFjqCAhKDed/jHGx0bxcRBJU0Ljqfp7IiWhUqPQM52Tq9W8NxH/8zqJDi7clIk40SDobFGQcKwjPAkF+0wC1XxkCKGSmVsxHRBJqDbRFUwIzvzLi6R5WnbsslM/K1WqWR x5dICO0Aly0DmqoCtUQw1E0SN6Rq/ozXqyXqx362PWmrOymX30B9bnDzaamio=</latexit>
(E)
<latexit sha1_base64="tRyGvD/vSLXSe6LpLBt9X3 /nqrQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GNRBI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/j ts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRv PaHSPJaPZpygH9GB5CFn1FjpoXJ71iuV3ao7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2Yg OsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2J sCWWK21sJG1JFmbHpFG0I3uLLy6R5XvXcqnd/Ua5d53EU4BhOoAIeXEIN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pk j+APn8wdeH40u</latexit><latexit sha1_base64="tRyGvD/vSLXSe6LpLBt9X3 /nqrQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GNRBI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/j ts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRv PaHSPJaPZpygH9GB5CFn1FjpoXJ71iuV3ao7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2Yg OsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2J sCWWK21sJG1JFmbHpFG0I3uLLy6R5XvXcqnd/Ua5d53EU4BhOoAIeXEIN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pk j+APn8wdeH40u</latexit><latexit sha1_base64="tRyGvD/vSLXSe6LpLBt9X3 /nqrQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GNRBI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/j ts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRv PaHSPJaPZpygH9GB5CFn1FjpoXJ71iuV3ao7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2Yg OsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2J sCWWK21sJG1JFmbHpFG0I3uLLy6R5XvXcqnd/Ua5d53EU4BhOoAIeXEIN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pk j+APn8wdeH40u</latexit><latexit sha1_base64="tRyGvD/vSLXSe6LpLBt9X3 /nqrQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GNRBI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/j ts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRv PaHSPJaPZpygH9GB5CFn1FjpoXJ71iuV3ao7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2Yg OsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2J sCWWK21sJG1JFmbHpFG0I3uLLy6R5XvXcqnd/Ua5d53EU4BhOoAIeXEIN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pk j+APn8wdeH40u</latexit>
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Fig. 5. The QAE and BV algorithms are realized in IBM quantum computers. The algorithms are performed with 3 system qubits and 1 ancilla qubit.
(Y) The topology of 5 qubits in IBMQ yorktown is shown, in which the QAE algorithm is realized. (E) The topology of 5 qubits in IBMQ yorktown
is shown, in which the BV algorithm is realized. (M) In the quantum pre-processing, the collective twirl in Eq. (14) is performed. Noisy channels
that may exist as Λ between the two unitaries are then transformed to depolarization maps. The classical post-processing is applied to each of the
three registers. (A) The 3-qubit QAE algorithm is realized in IBMQ yorktown with error mitigation in the three registers. The parameter η = 2% is
considered in the classical post-processing. The peak is at p˜ = 0.1464 for p = 0.3. (B) The 3-qubit QAE algorithm is realized in IBMQ yorktown
with measurement errors in the first register only. The parameter η = 5% is considered in the classical post-processing. (C) The 3-qubit BV algorithm
is realized in IBMQ essex with error mitigation in the three registers. The parameter η = 2% is considered in the classical post-processing. The
solution in the algorithm is given as ~s = 101. (D) The 3-qubit BV algorithm is realized in IBMQ essex with error mitigation in the 1st detector only.
The parameter η = 5% is considered in the classical post-processing. All results demonstrate that the proposed scheme of error mitigation can
enhance the statistics of measurement outcomes in the IBM Q devices.
scheme can mitigate errors in measurement readout.
We have implemented the BV and QAE algorithms with
3 qubits and 1 ancilla qubit in IBM Q devices. The BV
algorithm is realized in IBM essex and the QAE algorithm
is in IBM yorktown. The circuits are composed by consider
the topology of connected qubits in the devices, see Fig. 5.
In both cases, the collective channel-twirl and the classical
post-processing are applied to all of the three system qubits.
The results in Fig. 5 obtained in Feb. 2020 show that the pro-
posed scheme of error mitigation in measurement readout
works to enhance the statistics of measurement outcomes.
The statistics is obtained by collecting the data of 8192 shots.
The details of the quantum pre- and classical post-
processing are as follows. The quantum pre-processing is
placed as the final step of a quantum circuit or right before
detectors. This aims to depolarize a noisy channel that po-
tentially exists in between final gates and detectors. In case
no noise exists in between, the channel-twirl corresponds to
the identity map, that causes an error up to 0.2% in IBM
Q devices due to two single-qubit gates. This is yet much
lower than that of measurement errors. In the classical post-
processing shown in Eq. (15), the parameter ηΛ is needed
while a noisy channel Λ is not identified. From the reported
data [15], we have taken η = 2% or η = 5% in the classical
post-processing.
6 CONCLUSION
We have presented a method of mitigating errors in mea-
surement readout in quantum algorithms. The scheme ap-
plies quantum pre- and classical post-processing,. The pre-
processing singles out depolarization as the type of noise on
a qubit state before a measurement. Tomography of noise
on a qubit state is thus circumvented. Assuming that a
detector is almost noise-free, the classical post-processing
on measurement outcome can be fixed as an inverse map of
a depolarization channel.
The scheme is carefully devised by clarifying the as-
sumptions made on a measurement in quantum algorithms
and quantum noise. With Assumption 1, an operational
meaning of a measurement on single qubits in quantum
algorithms can be found as optimal state discrimination to
obtain a desired bit-string in measurement readout. By As-
sumption 2, it is asserted that noise for measurement errors
can be manipulated by the channel-twirl with single-qubit
gates only, such that the computational-basis measurement
remains for optimal detection. With Assumption 3 that the
effect of crosstalk is negligible, the collective channel-twirl
is devised to keep the optimality of measurements on single
qubits. Under Assumption 4, it is shown that the quantum
pre-processing of the channel-twirl with three unitaries only
can perform channel twirling for unknown type of noise on
single-qubit states.
The proposed scheme works to enhance the statistics of
the measurement outcomes in quantum algorithms. Numer-
ical simulation with 8-qubit circuits is provided for the BV
and the QAE algorithms, which contain QFT and QAA as
building blocks. We have then applied the scheme to IBM Q
devices to mitigate measurement errors. Improvements in
the statistics of measurement outcomes are presented. Our
scheme may be used as a microarchitecture of measurement
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readout with NISQ information processing. We envisage
that the scheme can be applied to NISQ devices in practice.
We remark that the results presented with IBM Q devices
does not imply that the four assumptions on measurement
readout are fulfilled in the devices. The assumptions aim to
identify the theoretical model of a measurement, the sources
of quantum noise, and errors of measurement readout, in or-
der to make it clear to list the possible noise on real devices.
In fact, it has been found that crosstalk in multiple detectors
is evident [17], that rules out Assumption 3 immediately.
We point out the role of the collective channel-twirl in
the relation of the four assumptions and the performance of
error mitigation in measurement readout. In fact, additional
quantum gates can be used to mitigate the effect of crosstalk
[16] [46]. In future investigations, it is worth to consider
other quantum circuits to analyze the relations among the
address assumptions, the collective channel-twirl, and the
performance of the proposed scheme for error mitigation.
It may allow us to learn detailed properties of NISQ de-
vices, e.g., sources of noise in measurement readout or the
effect of crosstalk in multiple detectors. It is also desired to
characterize the usefulness of the collective channel-twirl in
the presence of crosstalk in multiple detectors. Finally, it is
left an open question to find how the hierarchy of compu-
tational complexity is ultimately related to enhancement by
error mitigation on NISQ devices [45].
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